
��{? A 

2017, 38(4):419–432

DOI: 10.16205/j.cnki.cama.2017.0034�� Lavrentiev sp}lrwmu	��-�z∗<:51 8=?41 7;61 9>31�" Bf_B�Q Fredholm�^[!=
&. �*.6G�M�j=R#L�T[VMS� Lavren-

tiev G2[!, <�^J^5�!�*J^., k'/D&=p�h�r�, �k'_
-=����=
?[V, ;8_/D&=9[h. d�, 8XBuJV=.~�.��o B�Q Fredholm �^[!, G2 Lavrentiev JA�[V, R#L�TV, ����
?�j
MR (2000) 0�~
 65J20, 65J10/�|~
 O175.5��g+Æ A�'f� 1000-8314(2017)04-0419-14

1 $� ��gT�/�CÆ�Yz(T��d�=��z(T �\℄Z U<
QdRE u$^A�P Fredholm �℄Z <�%[1−3]. ?P�%A�P Fredholm �℄Z , 57�1dRN�4	�/℄<�I. ^^F_E�<�1dR,�B�)Q"K~SU�%A�P Fredholm �℄Z [4−7].IG~SZU[8]4,Q"K℄�Qy2|Q"K�PYy[9−11]p�<. ;�%�℄Z <)W?PZUU, ~SUtY�');m b4, wP0 Galerkin ZU, ;'�R�<l?5F-, ~SUE �#�℄�I_?[5], -SE #)/℄<�I-�.;a [12] UQ&^F1ZU��%
P�℄Z . ;a [4-7] UQ&^Q"KIG~SZU��%A�P Fredholm �℄Z .?P�%A�P Fredholm �℄Z <�1dRNT;0I���?<���Æ�i[13−19]. r.asUV)IG~SZU�% Fredholm �℄Z , �)<=4 Balance ��7TL���ÆI���?[4−7] , S	,^^:7.C%<8Zg, ��0�%:- f<s�K.a [13–14] ; Banach G��2^5�℄I℄^� �I℄-, �~V)I��ZU�%�℄Z  ��~j&���?�>�i. 4+ZU-\i�t. �4fU�&fu_G�U<.C%; T4,0�) Morozov��7TL�>I���?,:7<.C%8Zg�-3b,. �a<me4%<^E\idR. V)Q"KIG~SU;-u_G��%, �9 Raus ��7T[18], j&^���?�>�i, ;0�%ma1a [13–14] V�<s�K-, b,^.C%<8Zg. EU	�Q&<4, ~SUK1a [4–7] PC, 4�V<4, 0�%+ma �<s�K, 	���?�>�i�V, O�4�0��7T<.�b 2015 { 7 9 23 �98, 2016 { 9 9 26 �98�
h.
1ex,X0���2�J
D��8, �j eW 341000.

E-mail: 1044791362@qq.com; ouyangzhaofu@foxmail.com; lxj0298@126.com; pybmaths@163.com
∗�b;8v�`�D�	( (No. 11361005, No. 11761010, No. 61502107), �j*`�D�	(
(No. 20151BAB201011) }�j*�3(*�	( (No. YC2015-S376) =\X.



420 ��{? A 
 38 ;
2 xnv�.{E�#, epL'$�n�%F1 Lavrentiev I��Z <Q"KIG~SU, Æ℄i"O~SZU�I<a:�.�% E 4 d_|7G� Rd(d > 1)<)Æ, X4 BanachG� L∞(E), �W?) ‖ ·‖∞
3. H# Fredholm �℄I℄ K

(Kx)(s) :=

∫

E

k(s, t)x(t)dt, s ∈ E, (2.1)EU k(s, t) ∈ C(E × E).�% K : X → X 4v�� �)I℄, �.;�i�? γ > 0, 0:P�"< α > 0,J-
‖(αI +K)−1‖∞ 6

γ

α
. (2.2)nrepAeA�P�℄Z <�%

Kx = y, (2.3)EU y ∈ L∞(E) 4�M<, S x ∈ L∞(E) 43�<. q�, I℄ K : L∞(E) → L∞(E) 4)I℄. %+, Z (2.3) 4�6H<.�% δ > 0, �I?9 yδ ∈ X ma
‖y − yδ‖∞ 6 δ. (2.4),0Z (2.3) 4�6H<, ep)F1 Lavrentiev I��ZUL�%Z (2.3), �+D4�I℄|.

x
α,δ
0 = 0, (αI +K)xα,δ

m = αx
α,δ
m−1 + yδ, m = 1, 2, · · · , (2.5)- (2.5) E:

xα,δ
m =

m∑

i=1

αi−1(αI +K)−iyδ. (2.6)^^�)~SU?P�% (2.5), epH# N := {1, 2, · · · }, N0 := {0, 1, 2, · · · }  �
Zn := {0, 1, 2, · · · , n − 1}. �% Xn 4,?��x r <Qy2G�<Q"K�`, 	ma nQ"KG�℄%

Xn = W0 ⊕
⊥
W1 ⊕

⊥ · · · ⊕⊥
Wn, (2.7)�U W0 = X0. H# s(n) := dimXn | ω(i) := dimWi, �-[5] s(n) ∼ µn � ω(i) ∼ µi, EU, µ 4/0 1 <H?, a ∼ b 
3.;I? e1, e2, 0: e1a 6 b 6 e2a.�%℄G� Wi <�?4 {wij : j ∈ Zω(i)

}, ma
(wij , wi′j′) = δii′δjj′ , (i, j), (i′, j′) ∈ Un,EU Un := {(i, j) : j ∈ Zw(i), i ∈ Zn+1}. E"`[ Xn = span{wij : (i, j) ∈ Un}.!nLs>Q"K~SYyG�. P0o�i (i, j) ∈ Un, �y? wij <LÆ) SijL
3. �%�? wij P'<~SYy4 ℓij , �U, ℓij 4 Sij "-uiDPYy<v�b�. 〈ℓij , w〉 
3v�Yy ℓij ; w "<ÆP. P�" (i, j) ∈ Un(i > 0) |�",?��x r − 1 <Qy2 q, - 〈ℓij , q〉 = 0, Æ	.;I�? c, P�"< (i, j) ∈ U := {(i, j) : i ∈
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N0, j ∈ Zω(i)}, -
‖ℓij‖L∞(E)→R 6 c.V-�y?�1NP'<~SYy�ma�I��, �

〈ℓi′j′ , ωij〉 = δii′δjj′ , (i, j), (i′, j′) ∈ U, i 6 i′.P0o�i℄G� Wi J-P'<~SYyG�
Vi := span{ℓij : j ∈ Zω(i)},0:

Ln = V0 ⊕
⊥
V1 ⊕

⊥ · · · ⊕⊥
Vn = span{ℓij : (i, j) ∈ Un}.!nL�)~SU�%Z (2.5). �%P�"< n ∈ N0,Pn 4 L∞(E) 7 Xn �PX(I℄, H#�n. % y ∈ L∞(E), Pny ∈ Xn, ma

〈ℓij , y − Pny〉 = 0, (i, j) ∈ Un,	.;�i�? c, 0: ‖Pn‖∞ 6 c [4−5]. Qn 4 L∞(E) 7 Xn I�X(I℄, ~SU�%Z (2.5) 44�C xα,δ
m,n ∈ Xn, 0:

x
α,δ
0,n = 0, (αI + Kn)x

α,δ
m,n = αx

α,δ
m−1,n + yδn, m = 1, 2 · · · , (2.8)�U Kn := PnKQn, y

δ
n := Pny

δ. 4I℄ αI +Kn ;Q"K�?|Q"K~SYyn<5F
34$q<[4]. ^^�L$q<l?5F, �) n<�LI℄
K̃n =

∑

i∈Zn+1

(Pi − Pi−1)KQn−i, (2.9)�U P−1 = 0. 04:7�% (2.5) <IG~SZU, ��C x̃α,δ
m,n ∈ Xn 0:

x̃
α,δ
0,n = 0, (αI + K̃n)x̃

α,δ
m,n = αx̃

α,δ
m−1,n + yδn, m = 1, 2 · · · . (2.10)!nLepQ&IG~SZU (2.10) �6RIGIU. ^^� (2.10) b��>�<5F�2, ep�)7Q"K�?y?|w'<~SYy, � (2.10) <%
3�

x̃α,δ
m,n =

∑

(k,l)∈Un

xm
klwkl ∈ Xn. (2.11)&,{℄

xm
n := [xm

kl : (k, l) ∈ Un]
⊤, yδ

n := [〈ℓkl, y
δ〉, (k, l) ∈ Un]

⊤, (2.12) �5F
En := [〈ℓkl, wij〉 : (k, l), (i, j) ∈ Un], K̃n := [Kij,kl : (i, j), (k, l) ∈ Un], (2.13)�U

Kij,kl =

{
〈ℓij ,Kwkl〉, i+ k 6 n,

0, �O.
(2.14)04 (2.10) E ���n5F�2

x0
n = 0, (αEn + K̃n)x

m
n = αEnx

m−1
n + yδ

n, m = 1, 2 · · · , (2.15),+E �&, (2.15) Qn^�% (2.8) <IGIU, E4%^ (2.15) <l?5F4k<<. nrHT�℄iIG~SIU<a:�.
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 38 ;t� 2.1 �w5F K̃n 4Ux�)�L�i (2.13)–(2.14) :7<, wn
N (K̃n) ∼ (n+ 1)µn, n → ∞,�U N (K̃n) 
3�%5F K̃n N��I<\a6E<i?.( P0 i, i′ ∈ Zn+1, &�℄H5F K̃i,k := [Kij,kl : j ∈ Zw(i), l ∈ Zw(k)]. l9�L�i (2.13)–(2.14), �!M9 N (K̃n) =

∑
i+k6n

N (K̃i,k). Y"7 K̃i,k 4 w(i) × w(k) 5F, 	
w(i) ∼ µi, ,+E:

N (K̃n) =
∑

i+k6n

µi+k ∼ (n+ 1)µn, n → ∞.HT:K.

3 �k��E�#, epL℄iAT#Q&<IG~SIU (2.10) <8Z�. ^+, oj&�n&T.�% 1 6 p, q 6 +∞, r4I�?,� SobolevG�W r,q(E) := {u(s) : u(r)(s) ∈ Lq(E)}.d
Lp(E,W r,q(E)) := {v : v(s, ·) ∈ W r,q(E), ∀s ∈ E, ‖v(s, ·)‖W r,q(E) ∈ Lp(E)},

Lp(W r,q(E), E) := {v : v(·, t) ∈ W r,q(E), ∀t ∈ E, ‖v(·, t)‖W r,q(E) ∈ Lp(E)}.#� 3.1 [4] �% k ∈ C(E × E), r 4I�?, �-I<�? c, 0:
(1) � k ∈ L∞(E,W r,1(E)), � ‖K(I − Qj)‖∞ 6 chr‖k‖L∞(E,W r,1(E)).

(2) � k ∈ L∞(W r,1(E), E), � ‖(I − Pj)K‖∞ 6 chr‖k‖L∞(W r,1(E),E).

(3) � k ∈ L∞(W r,2(E), E), � ‖(I − Pj)K‖L2(E)→L∞(E) 6 chr‖k‖L∞(W r,2(E),E).EU h = (µ− r
d )j .-^&T 3.1, 4E j&�n�%:

(H1) �% k(·, ·) ∈ W r,∞(E), �.;I�? c, 0: n�>2�Y
‖K(I − Qj)‖∞ 6 cσj , ‖(I − Pj)K‖∞ 6 cσj ,

‖(I − Pj)K‖L2(E)→L∞(E) 6 cσj ,�U σ := µ− r
d .

(H2) �% x† ∈ R(Kp), p ∈ (0,m], �.; ω ∈ L∞(E), 0: x† = Kpω.#� 3.2 �% (H1) �Y, .;I�? c0, c1, 0:P�" n ∈ N, -
‖Kn − K̃n‖∞ 6 c0nσ

n
2 (3.1)|

‖K − K̃n‖∞ 6 c1nσ
n
2 . (3.2)( , Kn | K̃n <H#:

Kn − K̃n =

[n2 ]∑

i=0

(Pi − Pi−1)K(Qn −Qn−i) +

n∑

i=[n2 ]+1

(Pi − Pi−1)K(Qn −Qn−i),
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‖Kn − K̃n‖∞ 6

[n2 ]∑

i=0

‖(Pi − Pi−1)‖∞‖K(Qn −Qn−i)‖∞

+

n∑

i=[n2 ]+1

‖(Pi − Pi−1)K‖L2(E)→L∞(E)‖(Qn −Qn−i)‖2. (3.3), (H1) UA�i�>2E:
‖K(Qn −Qn−i)‖∞ 6 ‖K(Qn − I)‖∞ + ‖K(I − Qn−i)‖∞ 6 cσn−i. (3.4)%

‖̂(Pi − Pi−1)K‖L2(E)→L∞(E) 6 ‖(Pi − I)K‖L2(E)→L∞(E) + ‖(I − Pi−1)K‖L2(E)→L∞(E),, (H1) UA�i�>2E:
‖(Pi − Pi−1)K‖L2(E)→L∞(E) 6 cσi. (3.5)$� (3.3)–(3.5) E: (3.1).nrKt (3.2), , (H1) UA�i�>2E:

‖K − Kn‖∞ 6 ‖(I − Pn)K‖∞ + ‖PnK(I − Qn)‖∞ 6 cσn. (3.6)l9
K − K̃n = K−Kn +Kn − K̃n| (3.1)  � (3.6) E: (3.2).#� 3.3 �w (2.2) 1 (H1) �Y, 	 n ma

nσ
n
2 6

α

2c1γ
, (3.7)� αI + K̃n : L∞(E) → L∞(E) Ez, 	

‖(αI + K̃n)
−1‖∞ 6

2γ

α
,�U c1 1&T 3.2 U< c1 wV.( %

α̂I + K̃n = αI +K + K̃n −K = (αI +K)[I − (αI +K)−1(K − K̃n)],	
‖(αI +K)−1(K − K̃n)‖∞ 6

γ

α
c1nσ

n
2 6

1

2
,N αI + K̃n Ez, 	

‖(αI + K̃n)
−1‖∞ 6 ‖(αI +K)−1‖∞

1

1− ‖(αI +K)−1‖∞‖K − K̃n‖∞

6
γ

α

1

1− γ
α
c1nσ

n
2

6
2γ

α
.
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 38 ;#� 3.4 �% (2.2) 1 (H1) �Y, � n ma (3.7), �-
‖x̃α,δ

m,n − x̃α
m,n‖∞ 6 c2

δ

α
, (3.8)�U c2 :=

m∑
i=1

(2γ)i.( ,&T 3.3 :
‖x̃α,δ

m,n − x̃α
m,n‖∞ = ‖

m∑

i=1

αi−1(αI + K̃n)
−iPn(y

δ − y)‖∞

6

m∑

i=1

αi−1
(2γ
α

)i

δ

6 c2
δ

α
.%+$k�Y.^Z	��, j&�n�z:

xα,δ
m := hα

m(K)yδ, xα
m := hα

m(K)y,

x̃α,δ
m,n := hα

m(K̃n)Pny
δ, x̃α

m,n := hα
m(K̃n)Pny,�U hα

m(t) := 1
t
[1− ( α

α+t
)m].#� 3.5 �% (2.2) 1 (H1) �Y, � n ma (3.7), �-

‖x̃α
m,n − xα

m‖∞ 6 c3
nσ

n
2

α
, (3.9)�U c3 := (c+ c1)‖x

†‖∞ max{c2, (2γ)
m+1}.( l9 x̃α

m,n | xα
m <H#-

‖x̃α
m,n − xα

m‖∞ = ‖hα
m(K̃n)Pny − hα

m(K)y‖∞

6 ‖hα
m(K̃n)K̃nx

† − hα
m(K)y‖∞ + ‖hα

m(K̃n)Pny − hα
m(K̃n)K̃nx

†‖∞

= b1 + b2,�U
b1 := ‖hα

m(K̃n)K̃nx
† − hα

m(K)y‖∞,

b2 := ‖hα
m(K̃n)Pny − hα

m(K̃n)K̃nx
†‖∞.�Zr, l9o2

Cm −Dm =

m−1∑

j=0

Cj(C −D)Dm−j−1
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b1 = ‖hα

m(K̃n)K̃nx
† − hα

m(K)y‖∞

= ‖[(I − αm(αI + K̃n)
−m)− (I − αm(αI + K)−m)]x†‖∞

= ‖αm[(αI +K)−m − (αI + K̃n)
−m]x†‖∞

6 αm‖x†‖∞

∥∥∥
m−1∑

j=0

(αI + K̃n)
−j [(αI + K̃n)

−1

− (αI +K)−1](αI +K)−(m−j−1)
∥∥∥
∞

6
(2γ)m+1

α
‖x†‖∞‖K − K̃n‖∞. (3.10)
�Zr

b2 = ‖hα
m(K̃n)Pny − hα

m(K̃n)K̃nx
†‖∞

6 ‖hα
m(K̃n)‖∞[‖(Pn − I)K‖∞ + ‖K − K̃n‖∞]‖x†‖∞

6
c2

α
[‖(Pn − I)K‖∞ + ‖K − K̃n‖∞]‖x†‖∞. (3.11), (3.2), (3.10)–(3.11) |T� (H1) E: ‖x̃α

m,n − xα
m‖∞ 6 b1 + b2 6

c3
α
nσ

n
2 .t� 3.1 �% (2.2) 1 (H1) �Y, 	 n ma (3.7), �

‖x̃α,δ
m,n − x†‖∞ 6 ‖xα

m − x†‖∞ + c2
δ

α
+ c3

nσ
n
2

α
. (3.12)( ,

x̃α,δ
m,n − x† = (x̃α,δ

m,n − x̃α
m,n) + (x̃α

m,n − xα
m) + (xα

m − x†) �&T 3.4–3.5, E: (3.12).

4 �!i��%j
?P�%Z (2.10) 	��6<I���?. ;�#U, ep��9 Raus ��7T[18], Q&I���?<���>�i, O��^IGX(ZU:7^.C%<8Zg.^Z	��, &�n`�z:

ϕ(α) := α(αI +K)−1, ϕn(α) := α(αI + K̃n)
−1,

∆α
m := ϕm+1(α)y, ∆α,δ

m,n := ϕm+1
n (α)Pny

δ|
D(δ, σ

n
2 ) := c4δ + c5nσ

n
2 ,�U c4 := (2γ)m+1, c5 := max{c, (1 + γ)c1}(2γ)m+1c. n, V) D(δ, σ

n
2 ) LqI ∆α

m 1 ∆α,δ
m,n <�, ^+, 	�)7 n&T.#� 4.1 [14] �w (2.2) �Y, wnP�"<ma�>2 n > p <_�? n |I/?
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 38 ;
p, .;�? γ(n, p), 0:P�"< α > 0, J-

‖(αI +K)−nKP‖∞ 6
γ(n, p)

αn−p
, (4.1)�U

γ(n, p) =





|sin(πp)|

π
·

n!

|p(p− 1) · · · (p− n+ 1)|
γn+1(1 + γ)n

[1
p
+

1

n− p

]
, p < n,

(1 + γ)n, p = n.#� 4.2 �T� (2.2) 1 (H1) �Y, 	H? n ma�>2 (3.7), �-
‖∆α,δ

m,n −∆α
m‖∞ 6 D(δ, σ

n
2 ) (4.2)|

‖∆α
m‖∞ 6 γ(m+ 1, p+ 1)‖ω‖∞α1+p. (4.3),��, �w n ma�>2

nσ
n
2 6 min

{ δ

c5
,

α

2c1γ

}
, (4.4)wn-

lim
α→0

inf ‖∆α,δ
m,n‖∞ 6 (c4 + 1)δ. (4.5)( l9 ∆α,δ

m,n | ∆α
m <H#, -

∆α,δ
m,n −∆α

m = ϕm+1
n (α)Pny

δ − ϕm+1(α)y

= [ϕm+1
n (α)Pn(y

δ − y)] + [ϕm+1
n (α)(Pn − I)y]

+ [(ϕm+1
n (α)− ϕm+1(α))]y

= t1 + t2 + t3, (4.6)�U
t1 := ϕm+1

n (α)Pn(y
δ − y),

t2 := ϕm+1
n (α)(Pn − I)y,

t3 := [ϕm+1
n (α)− ϕm+1(α)]y., (2.4) |&T 3.3, -

‖t1‖∞ = ‖ϕm+1
n (α)Pn(y

δ − y)‖∞ 6 (2γ)m+1δ. (4.7)V)T� (H1) |&T 3.3, -
‖t2‖∞ = ‖ϕm+1

n (α)(Pn − I)y‖∞ 6 (2γ)m+1cσn‖x†‖∞. (4.8)!nLepLqI ‖t3‖∞. l9o2
Cm −Dm =

m−1∑

j=0

Cj(C −D)Dm−j−1,
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(2.1)  �&T 3.2–3.3, -
‖t3‖∞ = ‖[ϕm+1

n (α) − ϕm+1(α)]y‖∞

= αm+1‖[(αI + K̃n)
−(m+1) − (αI +K)−(m+1)]Kx†‖∞

= αm+1
∥∥∥

m∑

j=0

(αI + K̃n)
−j [(αI + K̃n)

−1 − (αI +K)−1](αI +K)−(m−j)Kx†
∥∥∥
∞

6 αm+1‖x†‖∞

m∑

j=0

‖(αI + K̃n)
−(j+1)(K − K̃n)(αI +K)−(m−j+1)K‖∞

6 γm+1‖x†‖∞

m∑

j=0

2j+1(1 + γ)‖K − K̃n‖∞

6 ‖x†‖∞(1 + γ)(2γ)m+1c1nσ
n
2 . (4.9)%+, $� (4.7)–(4.9), -

‖∆α,δ
m,n −∆α

m‖∞ 6 ‖t1‖∞ + ‖t2‖∞ + ‖t3‖∞ 6 D(δ, σ
n
2 ).,T� (H2) |&T 4.1, E:

‖∆α
m‖∞ = ‖αm+1(αI +K)−(m+1)y‖∞

= ‖αm+1(αI +K)−(m+1)K1+pω‖∞

6 γ(m+ 1, 1 + p)‖ω‖∞α1+p.%+ (4.3) :K., (4.2)–(4.4) E:
‖∆α,δ

m,n‖∞ 6 ‖∆α,δ
m,n −∆α

m‖∞ + ‖∆α
m‖∞ 6 (c4 + 1)δ + γ(m+ 1, 1 + p)‖ω‖∞α1+p,-SE6&

lim
α→0

inf ‖∆α,δ
m,n‖∞ 6 (c4 + 1)δ. nj&I�����?�ÆZ�.y& 4.1 (I�����?�ÆZ�)�%T� (2.2) 1 (H1) �Y.

1. �Æ�? α0 > 0, 0 < q < 1 | d > c4 + 1.

2. F1:

(a) d α := αi = α0q
i, i = 0, 1, · · · , N.

(b) �H%1R�� n = n(α, δ), 0:
nσ

n
2 6 min

{ δ

c5
,

α

2c1γ
, δ
}
, (4.10)

(c) - nF1o2�I x̃α,δ
m,n

x̃
α,δ
0,n = 0, x̃α,δ

m,n = α(αI + K̃n)
−1x̃

α,δ
m−1,n + (αI + K̃n)

−1Pny
δ, m = 1, 2, · · · ,O7

‖∆α,δ
m,n‖∞ 6 dδ. (4.11)
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 38 ;1 R�� n 4�N0�? α 1 δ, S α <P�N0�? α0 1 q <�>. �wF1,? N � /-, E 65<EH�? α0 1 q <P. ,0ma (4.10) <H? n �℄�,��Æ0 (4.10) �Y<
|H? n e^R��.t� 4.1 �T� (H1)–(H2) � (2.2) �Y, α = αN | n = n(αN , δ) 4�9U� 4.1�Æ<, �P�"< p ∈ (0,m], -
‖x̃α,δ

m,n − x†‖∞ 6 O(δ
p

p+1 ).( ,HT 3.1  � (4.10) EM
‖x̃α,δ

m,n − x†‖∞ 6 ‖xα
m − x†‖∞ + c2

δ

α
+ c3

nσ
n
2

α
6 ‖xα

m − x†‖∞ + (c2 + c3)
δ

α
, (4.12)�Zr, , (4.2), (4.4) | ‖∆

αN−1,δ
m,n ‖∞ > dδ, E:

‖∆αN−1
m ‖∞ > ‖∆αN−1,δ

m,n ‖∞ + ‖∆αN−1,δ
m,n −∆αN−1

m ‖∞

> dδ − (c4δ + c5nσ
n
2 )

> (d− c4 − 1)δ. (4.13)
�Zr, ,&T 4.1, -
‖∆αN−1

m ‖∞ = ‖αm+1
N−1(αN−1I + K)−(m+1)K1+pω‖∞

6 γ(m+ 1, p+ 1)‖ω‖∞α
p+1
N−1. (4.14)$� (4.13) | (4.14), -

α
p+1
N−1 >

[d− (c4 + 1)]

γ(m+ 1, p+ 1)‖ω‖∞
δ,%+

αN > q[
[d− (c4 + 1)]

γ(m+ 1, p+ 1)‖ω‖∞
]

1
p+1 δ

1
p+1	

δ

αN

6 O(δ
p

p+1 ). (4.15)V)�P�>2 ‖Kθqz‖∞ 6 C‖Kqz‖θ∞‖z‖1−θ
∞ , z ∈ X, �U 0 < θ < 1, q > 0, C 4�N0

q, θ <�?, -
‖xαN

m − x†‖∞ = ‖αN
m(αNI +K)−mx†‖∞

= ‖[αN (αNI +K)−1K]p[αN (αNI +K)−1]m−pω‖∞

6 C‖[αN (αNI +K)−1]m+1K1+pω‖
p

p+1
∞ ‖[αN (αNI +K)−1]m−pω‖

1
p+1
∞

6 ‖∆αN
m ‖

p
p+1
∞ γ

m−p
1+p ‖ω‖

1
1+p
∞ . (4.16)
[, , (4.2) | (4.11) E:

‖∆αN
m ‖∞ 6 ‖∆αN ,δ

m,n ‖∞ + ‖∆αN ,δ
m,n −∆αN

m ‖∞

6 dδ + (c4δ + c5nσ
n
2 )

6 (d+ c4 + 1)δ. (4.17)
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‖xαN

m − x†‖∞ 6 γ
m−p
1+p ‖ω‖

1
1+p
∞ (d+ c4 + 1)

p
1+p δ

p
1+p . (4.18), (4.12), (4.15) | (4.18) EM$k�Y.

5 �*�2E�#, 7WL�KIU<-}�|0��.Ae�n�℄Z <�%
(Kx)(s) = y(s), s ∈ E := [0, 1], (5.1)�U K : L∞[0, 1] → L∞[0, 1] 4v�)I℄, H#�n:

(Kx)(s) :=

∫ 1

0

k(s, t)x(t)dt, s ∈ [0, 1],�U{y?^[13]

k(s, t) =





a · cosh
(
w
(
s− t−

1

2

))
, t 6 s,

a · cosh
(
w
(
s− t+

1

2

))
, t > s,EU w > 0 4�?, a = 1

2w sinh
(

w
2

) . ,a [13] EM
‖(αI +K)−1‖∞ 6

γ

α
,�U γ = 1 + 1

cos
(

π
4 + ε

2

)
cos ε

(
0 < ε < π

2

)
. nAe\V
K:

(1) Æ/My?^[13]

y(s) :=
(− 6

w2 + ( 12
w2 + 1)s− 3s2 + 2s3)

w2
+ Cews +De−ws,EU C = 6ew

E
, D = − 6e2w

E
, E = (ew − e2w)w4, +- (5.1) <℄�%4

x†(t) = t(2t2 − 3t+ 1).,��, x† ∈ R(K), E"`[ ν = 1, 8Zg^ O(δ
1
2 ). Æ w = 1, � ‖y‖∞ ≈ 0.002.

(2) Æ/My?^
y(s) := a(4 sinh(0.5) + 2s2 sinh(0.5)− sinh(s− 0.5)− 2 cosh(s− 0.5)),+- (5.1) <℄�%4

x†(t) = t2.,��, x† ∈ R(K2), E"`[ ν = 2, 8Zg^ O(δ
2
3 ). Æ w = 1, � ‖y‖∞ ≈ 0.3420.Æ�I/My?^ yδ = y + δ · v, v ∈ X, 	 ‖v‖∞ 6 1,

δ = ‖y‖∞ ·
e

100
,EU e = 1, 3, 7.
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 38 ; nLp=-u_G� Xn  �~SYyG� Ln. �% Xn :-�n℄%
Xn = X0 ⊕

⊥
W1 ⊕

⊥ · · · ⊕⊥
Wn,�U X0 4 E "<v�Qy2G�, P0 i ∈ N, Wi 4G� Xi−1 ;G� Xi U<I��G�. jHG� X1 <�?, �G� Xi(i = 2, 3, · · · ) <�?E CZp=[11,20]. �>G� X0<�b�?^

w00(s) = 2− 3s, w01(s) = −1 + 3s, s ∈ [0, 1],G� W1 <�?^
w10(s) =





1−
9

2
s, s ∈

[
0,

1

2

]
,

−1 +
3

2
s, s ∈

(1
2
, 1
]
,

w11(s) =





1

2
−

3

2
s, s ∈

[
0,

1

2

]
,

−
7

2
+

9

2
s, s ∈

(1
2
, 1
]
.wn, ℄G� Wi = span{ωi,j : j = 0, 1, 2, · · · , 2i − 1} <�?Ux no2CZp=

wi,j(s) =





wi−1,j(2s), s ∈
[
0,

1

2

]
,

0, s ∈
(1
2
, 1
]
,

j = 0, 1, · · · , 2i−1 − 1|
wi,2i−1+j(s) =





0, s ∈
[
0,

1

2

]
,

wi−1,j(2s− 1), s ∈
(1
2
, 1
]
,

j = 0, 1, · · · , 2i−1 − 1.q�, dimXn = 2n+1,	 Xn4 [0,1]"<℄Nv�y?G�,#D^ j
2n , j = 1, 2, · · · , 2n−

1, E- µ = 2.PC�, E p=~SYyG�, 	-�n℄%:

Ln = V0 ⊕
⊥
V1 ⊕

⊥ · · · ⊕⊥
Vn.:o, d V0 = span{ℓ00, ℓ01}, EU ℓ00 = δ 1

3
, ℓ01 = δ 2

3
, 	 V1 = span{ℓ10, ℓ11}, �U

ℓ10 = −
3

2
δ 1

3
+

1

2
δ 2

3
+ δ 1

6
, ℓ11 =

1

2
δ 1

3
−

3

2
δ 2

3
+ δ 5

6
.04, Vi := span{ℓij, j ∈ Z2i} E , V1 Cup=. :Sp=ZU;a [8] U-xm<At. ; n?PvyU, Æ a0 = 1, d = 2, c1 = c5 = 1, q <P�
 1 |
 2, I���?�`^ αi = α0q

i. ;
 1 |
 2 U, ep) α 
3���?�>:7<�?. 
 1 |
 2U<?9q3, 8Zg℄�^ O(δ
1
2 ) | O(δ

2
3 ), E1Tk℄i4
�<, AtIU4-}<. h 1 �) (1) q��

e q α n ‖x̃α,δ
1,n − x†‖∞

‖x̃α,δ
1,n−x†‖∞

δ
1
2

1 0.1985 1.554× 10−3 9 7.219× 10−3 1.6142

3 0.1985 1.554× 10−3 8 9.508× 10−3 1.2275

7 0.1985 7.827× 10−3 7 2.652× 10−2 2.2417
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e q α n ‖x̃α,δ

2,n − x†‖∞
‖x̃α,δ

2,n−x†‖∞

δ
2
3

1 0.125 5.6250× 10−3 9 0.0677 2.9864

3 0.125 1.5625× 10−2 8 0.1357 2.8759

7 0.125 3.0625× 10−2 7 0.2695 3.2453,� d�&gO+-�P<�$.i������
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Abstract The authors consider ill-posed Fredholm integral equations of the first kind.

The authors apply a multiscale collocation method with a matrix compression strategy to

discretize the iterated Lavrentiev equation and then analyze the priori convergence of the

multiscale collocation method, if the integral operator is the weakly sectorial operator. The

convergence rates of the iterated Lavrentiev regularization are achieved by using a modified

a posteriori parameter choice strategy. Finally, numerical examples are given to illustrate

the efficiency of the method.
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