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1 9�<� A = (aij) 2 n× n ��"�, I 
(1) Gyi i, aii = 2;

(2) G i 6= j, aij 6 0;

(3) } aij = 0, | aji = 0.|� A 2eW Cartan "�.Y# Kac[1]k Moody[2]8[#, Gyi Cartan "� A, q��87/� g(A), �2
Kac-Moody 7/�. Kac k Peterson[3−5]G7/� g(A) ℄{> Kac-Moody t G(A).

Kac-Moody 7/�k Kac-Moody tR2 3 �4P.

(1) qBP, &� A 	B, G(A) ij�g A 2 Cartan "�80;)T�07t.

(2) P�P, &� A �	B�l�2 n− 1.

(3) �BP, !mR.� g(A) 8 Weyl t2 W (A), |
W (A) = 〈σ1, · · · , σn | σ2

i = 1, 1 6 i 6 n, (σiσj)
mij = 1, 1 6 i < j 6 n〉,�8 σ1, σ2, · · · , σn 2`t g(A) 8 n W0Y α1, α2, · · · , αn 8 Weyl L�. 3 aijaji =

0, 1, 2, 3 v > 4 8�o, mij R�2 2, 3, 4, 6 v ∞.LWtw� w ∈ W (A) D$qR� w = σi1 · · ·σik , 1 6 i1, · · · , ik 6 n. w� w 8�FBj2 w 8 q8R��"I8�� k, �2 l(w). g(A) 8^�1�� PA(q) 2P�� ∑

w∈W (A)

q2l(w).�7 2015 \ 1 y 21 z�5, 2017 \ 1 y 2 z�5UUV.
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Kac-Moody 7/� g(A) q Cartan R� g(A) = h ⊕

∑

α∈∆

gα, �8 h 2 Cartan �/�, ∆ 2 g(A) 8Y=. �/� b = h⊕
∑

α∈∆+

gα �2 Borel �/�. z G(A) �qk b Gm8 Borel �t B(A). fT.� F (A) = G(A)/B(A) �2 G(A) 8gCR. Y# Kumar[6],

F (A) 2 ind-+.gCR F (A) qp Schubert �kX"8 CW-R�. Schubert �kv Weyl t W (A)8w�eeGm. GLW w ∈W (A), Schubert+ Xw 8�4�� 2l(w). k&gCR F (A)8^�1��i2 g(A) 8^�1�� PA(q).pfq8`tgCR8~+�k^�1��8�f, | Kichiloo[7]k Kumar[6], -�q5~+�sg H∗(G(A)) k H∗(F (A)) D�!�qB8, k&"MD-gp-�W K��w��. Steinberg[8]
SgCR F (A) 8^�1�� PA(q) -gM� q 8q5i�.qBkP�P8 Kac-Moody t|gCR8q5~+�f�	bN=\�[6, 9−20].2�Gt�BP8 Kac-Moody t|gCR, xM ���. Æ�~, #> n 6 2 [6]g/,Kqym:�	��g. k&�vq|>8'.XR 1.1 |m&B�BP8 Kac-Moody t|gCR8q5~+�s?>Q`t Hopf .�8q5~+�8B5�b2x�8�f.+� 1.1 (Hopf[10]) � G �$q CW -TR8+FP8;)8 H-.�, |q5~+�s H∗(G) 2 Hopf /�, �l#2/�, "+℄teWHF�/� P (V0) keW//�
Λ(V1) 8�=y, �8 V0 k V1 R�� H∗(G) 8e�4k℄�4��w8{n.Gt Kac-Moody t G(A), 3 k > 0 �, Hk(G(A)) 2qB48q5H=.�. �
V = V0 ∪ V1 8'�2 k 8��w8W�2 ik, | G(A) 8^�1��2

PG(A)(q) =

∞
∏

k=1

(1− q2k−1)i2k−1

(1− q2k)i2k
. (1.1)Y# Hopf 8B5, 2>sB+�s H∗(G(A)), `���� ik, k > 0.z
6�9M8�aV���&jQ88'. 9M8�E�:

(1) 9o Leray-Serre`X�, ( PG(A)(q) "J, �� F (A) 8^�1�� PA(q);

(2) 9o6 [21–22] �8OK, �� F (A) 8^�1�� PA(q);

(3) )g��jQ (1) k (2) �^�1��8���f, &B:� (1.1) �"A8��
ik, k > 0.qBPkP�P8gCR8^�1��f��6>. �oP8 Kac-Moody t8gCR8^�1��8��z6 [24–25] �q$H. 6 [21–22] $H>e�8mR.�� B(A)-* π : G(A) → F (A) 8R4n�2 j : F (A) → BB(A), �8 BB(A) 2
Borel �t B(A) 8R4.�, |q+F�4rn� G(A)

π
−→ F (A)

j
−→ BB(A). )gR:Dm8 Leray-Serre`X�, -7|>B5.+� 1.2 Gt Kac-Moody t G(A), �"8^�1�� PG(A)(q) |:� (1.1)  ,| F (A) 8^�1��2

PA(q) =
1

(1− q2)n+i2−i1

1
∞
∏

k=2

(1− q2k)i2k−i2k−1

. (1.2)�e�, 9M-g
S|>�f.



4 b �W� �%q ��R Kac-Moody u}dhDS9_	2��lr6,GQ 463+� 1.3 �� i2 − i1, i4 − i3, · · · , i2k − i2k−1, · · · -gpgCR F (A) 8^�1��
PA(q) ��. Lg3, PA(q) b-gp�� i2 − i1, i4 − i3, · · · , i2k − i2k−1, · · · uT.2>&B G(A) 8q5~+�kq5+FP, 9MVa&BX� i1, i2, · · · , ik, · · · . k&#>^�1�� PA(q), 9MVaZH8N;. |f9MZ^&B V1 �8 q��w8'�, WJ9M &B>�� i1, i3, · · · , i2k−1, · · · . �nB5 1.3, 9Mb &B>��
i2, i4, · · · , i2k, · · · , t�9M Z��" G(A) 8q5+�skq5+FP.p Kac[25], Kack Peterson[3−5], X� i1, i3, · · · , i2k−1, · · · Z^	Weyl t W (A) 8HF��Æ=&B. ��~ i2k−1 2 W (A) 8'�2 k 8w
�ÆHF�8W�.z6 [26] �, <5#�
S>>Q8B5. "-b> Moody[27]8eW�E.+� 1.4 � A ��-R�8�BP8 Cartan "�, I(A) � Weyl t W (A) 8HF��Æ=℄�8s. } A �-G�r8, | I(A) = Q[ψ], �8 ψ � Killing P; } A ��-G�r8, | I(A) = Q.Y#B5 1.4, Gt�-R�8�BP Cartan "� A, #> k = 2 8mR, �q
i2k−1 = 0. Gt k = 2, } A �-G�r8, | i3 = 1; } A ��-G�r8, | i3 = 0. e19M&B>X� i1, i3, · · · , i2k−1, · · · , b &B>X� i1, i2, · · · , ik, · · · . �`9M sB>~+�s H∗(G(A)).pt Kac-Moody t|gCR�q5 formal 8[28], "M8q5+FP	q5+�s&B. k&9Mb&B> Kac-Moody t|gCR8q5+FP.6~8�aY{|>. > 2 �, ��>
6Va8eK/�k!n�f. > 3 �)g9o Leray-Serre `X�, ( G(A) 8^�1��"J, ��>gCR F (A) 8^�1��
PA(q). 6~8�aB5z> 4 �X". > 5 �9MX">e4�a8:�.

2 a[)P4k5;1B Z1[q] � q 8��F2 1 8�=�P��8{n. ~G f(q) ∈ Z1[q],

f(q) = 1 + a1q + a2q
2 + · · ·+ akq

k + · · · , ak ∈ Z, k > 0.9Mq>Q8�f.IR 2.1 f(q) ∈ Z1[q] -g1e8})2 y ∞
∏

k=1

(1− qk)ik , �8 i1, i2, · · · , ik, · · · 2��X�.e G f(q), 9MdX=Bj��X� i1, i2, · · · , ik, · · · .�?B i1 = a1, f
(1)(q) = f(q)

(1−q)i1
, | f (1)(q) ∈ Z1[q]. �

f (1)(q) = 1 + a
(1)
2 q2 + a

(1)
3 q3 + · · ·+ a

(1)
k qk + · · · .B i2 = a

(1)
2 , f (2)(q) = f(1)(q)

(1−q2)i2
, | f (2)(q) ∈ Z1[q], l

f (2)(q) = 1 + a
(2)
3 q3 + a

(2)
4 q4 + · · ·+ a

(2)
k qk + · · · .B i3 = a

(2)
3 �l�Z+`8g!, 9M74>��X� i1, i2, · · · , ik, · · · .)g�~�g!, �l��P��8=�, 9M{h�SX� i1, i2, · · · , ik, · · · 81eT.9M�X� i1, i2, · · · , ik, · · · 2P�� f(q) 8%�X�. pU' 2.1, 9M�6 Z1[q]8w�k��2�v�8��X���,zeeGm, �l}P�� f1(q), f2(q) R�GmX� i1, i2, · · · , ik, · · · k j1, j2, · · · , jk, · · · ,| f1(q)f2(q)GmX� i1+j1, i2+j2, · · · , ik+

jk, · · · .



464 �[\* A z 38 %%�X� i1, i2, · · · , ik, · · · -g9o Möbius L^B53��.IR 2.2 � f(q) ∈ Z1[q], } ln(f(q)) = b1q +
b2
2 q

2 · · ·+ bk
k
qk + · · · , |

ik =
1

k

∑

n|k

µ(n)b k
n
.e G:� f(q) =

∞
∏

k=1

(1− qk)ik 8<p “ln”, -7
b1q +

b2
2
q2 · · ·+

bk
k
qk + · · · = ln

∞
∏

k=1

(1− qk)ik ,:�s� =
∞
∑

k=1

ik ln(1− qk) =
∞
∑

k=1

ik
∞
∑

n=1

qkn

n
=

∞
∑

k=1

∞
∑

n=1

ik
n
qkn =

∞
∑

n=1

(
∑

k|n

k·ik
n

)

qn.��<8=�, 9Mq ∑

k|n

k · ik = bn.9MVa>Q8B5�� ik.+� 2.1 (Möbius L^B5) � F (n), f(n) ���pÆ2�v�8��X�, }
F (n) =

∑

k|n

f(k), | f(k) =
∑

n|k

µ(n)F
(

k
n

)

, �8 µ(n) I :

(1) 3 n = 1 �, µ(n) = 1.

(2) 3 n =
r
∏

i=1

pi �, µ(n) = (−1)r, �8 pi, 1 6 i 6 n 2�+8��.

(3) G!mR, µ(n) = 0.9o Möbius L^B5, ( ∑

k|n

k · ik = bn, -7
k · ik =

∑

n|k

µ(n)b k
n
.C 2.1 } f(q) = 1− 2q, | bn = 2n, t�

k · ik =
∑

d|k

µ(d)2
k
d .p k = 18, "8 q8k�2 1, 2, 3, 6, 9, 18,p

µ(1) = 1, µ(2) = −1, µ(3) = −1, µ(6) = 1, µ(9) = µ(18) = 0,t� 18i18 = 218 − 29 − 26 + 23, ~ i18 = 14532.9M�">Q8���f.

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

ik 2 1 2 3 6 9 18 30 56 99 186 335 630 1161 2182 4080 7710 14532

3 Leray-Serre K^Ez�e�8, 9M9o�4r G(A)
π

−→ F (A)
j

−→ BB(A) 8 Leray-Serre `X�, (
G(A) 8~+�k^�1��3��gCR F (A) 8~+�k^�1��. `t`X�8�
, n�Æ6 [29].
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BB(A) +F:
t.� BC∗(C∗ = C − {0}) 8 n-�<(I y. � H∗(BB(A)) 8~+���w2 ω1, · · · , ωn, H
∗(G(A)) 8e�'�8�p��w2 y1, y2, · · · , yl, · · · , ℄�'�8��w2 z1, z2, · · · , zk, · · · , �8 ω1, · · · , ωn Gmt7/� g(A) 8w
0�r.9Mq`X� (Ep,q

r , dr), �
Ep,q

2 = Hp(BB(A);Hq(G(A))) ∼= Q[ω1, · · · , ωn]⊗ Λ(y1, · · · , yl)⊗Q[z1, · · · , zk, · · · ].0R d2 : Ep,q
2 → Ep+2,q−1

2 X"|>: d2(ωi⊗ 1) = 0, d2(1⊗ zk) = 0, d2(1⊗ yj) = fj ⊗ 1, 1 6

j 6 l, �8 fj ∈ H∗(BB(A)) 2`t ωi, 1 6 i 6 n 8 W (A) �ÆHF�. �8���S
H∗(F (A)) ∼= E∗,∗

3
∼= Q[ω1, · · · , ωn]/〈fj, 1 6 j 6 l〉 ⊗Q[z1, · · · , zk, · · · ].Y#6 [25], f1, f2, · · · , fl, · · · 2H∗(BB(A))�8	|X�,k&�qBW,�l l 6 n.p&-7

PA(q) =
1

(1− q2)n+i2−i1

1
∞
∏

k=2

(1− q2k)i2k−i2k−1

. (3.1)� 
S>B5 1.2.

4 h_,BgCR F (A) 8^�1�� PA(q) $qR� PA(q) = g(q2). G g(q) �oU' 2.1, -g
SB5 1.3. ~9M-g( PA(q) ��X� i2 − i1, i4 − i3, · · · , i2k − i2k−1, · · · .9o6 [26, B5 4], Gt�-R�8�BP Cartan "� A, i1, i3, · · · , i2k+1, · · · 	&B, �nB5 1.4, 9M-g&BX� i1, i2, · · · , ik, · · · .pt G(A) 20;)t, 9Mq i1 = 0. Y# F (A) 8 Schubert R�, 9M�6
H2(F (A)) pv n W Weyl L�Gm8 Schubert 4��. k& n + i2 − i1 = n, ~ i2 = 0.2>sB i3, 9MVa>Q8Bj.+b 4.1 } Cartan "� A -gM�G�"� D kG�"� B 8 y, |� A �-G�r8."� A �S-G�rv g(A) ~�S,zQ.r8�Æ�CTP ψ �OD`. pB5 1.4 -g�+", |f A �-G�r8, | i3 = 1; S| i3 = 0. �lGt k > 3,

i2k−1 = 0. Az9M&B> i1, i3, · · · , i2k−1, · · · , b &B> q8 ik, k > 0.9MG6 [25] �e`, Y# Cartan "� A �S-G�r, B ǫ(A) = 1 v 0. 
68w
B5�-|>.+� 4.1 � A ��-R�8�BP8 Cartan "�, } A �-G�r8, |
H∗(G(A)) ∼= ΛQ(y3)⊗Q[z1, · · · , zk, · · · ],�l

H∗(F (A)) ∼= Q[ω1, · · · , ωn]/〈ψ〉 ⊗Q[z1, · · · , zk, · · · ],} A ��-G�r8, |
H∗(G(A)) ∼= Q[z1, · · · , zk, · · · ],�l

H∗(F (A)) ∼= Q[ω1, · · · , ωn]⊗Q[z1, · · · , zk, · · · ],�8Gyi8 k, deg zk > 4 2℄�, "M-gp^�1�� PA(q) k ǫ(A) 3&B.
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Kumar[30]
S>GKac-Moody7/� g(A),7/�~+�H∗(g(A),C)v∼= H∗(G(A))⊗

C +℄, k&9Mb��"> H∗(g(A),C).

5 a/Dj9Mo>Q8:���
6.C 5.1 � A �Gyi i 6= j, I aijaji > 4 8 n× n Cartan "�, | Weyl t G(A)2
W (A) = 〈σ1, · · · , σn | σ2

i = 1, 1 6 i 6 n〉.

W (A)��F2 k8w�R| σi1σi2 · · ·σik ,l 1 6 i1, · · · , ik 6 k−1, it 6= it+1, 1 6 t 6 k−1.k& W (A) ��F2 k 8w�8W�� n(n− 1)k−1, t�^�1��2
PA(q) =

∞
∑

k=0

n(n− 1)k−1q2k =
1 + q2

1− (n− 1)q2
.Y#�T8 Witt \�[31]

1− nq =

∞
∏

k=1

(1− qk)dimLk
n ,� Ln � n W'�2 1 8w��p��8R'7/�, Ln =

∞
⊕

k=1

Lk
n, � dimLk

n 2 Ln �8 k 'f'�R84�. "-g9o Möbius L^B53��. G n = 2 8mR-g�+: 5.1. |
PA(q) =

1− q4

1− q2
1

∞
∏

k=1

(1− q2k)dimLk
n−1

.( PA(q) 8�-�, 9M-7|>�H:

(1) } A �-G�r8, | i1 = i2 = 0, i3 = 1, �l3 k > 3 �, i2k−1 = 0; 3 k > 2� i2k = dimLk
n−1.

(2) } A ��-G�r8, | i1 = i2 = i3 = 0, i4 = dimL2
n−1 − 1, �lGyi k > 0,

i2k−1 = 0; 3 k > 3 �, i2k = dimLk
n−1.'�=�V�Y
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[22] Jin C H, Zhao X. On the Poincaré series of Kac-Moody Lie algebra [J]. arXiv:1210.0648.

[23] Gungormez M, Karadayi H R. On Poincaré series of hyperbolic Lie algebra [J]. arX-
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Abstract In this paper, the authors study the rational cohomology rings of indefinite Kac-

Moody groups and their flag manifolds. By extracting the information of cohomology from

the Poincaré series, the rational cohomology rings of these spaces can be determined. Since

Kac-Moody groups and their flag manifolds are rational formal, the authors also determine

the rational homotopy groups and rational homotopy types.
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