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1  ��� S
n(r)- (n+1)-W Euclid>� R

n+1 P�*U r6 n-W�Z�f,�� S
n = S

n(1).� H
n(c) -!�	Z c < 0 6 n-W9	>�, ~=�U

H
n(c) =

{
y = (y0, y1) ∈ R

n+1
1 ; 〈y, y〉1 =

1

c
, y0 > 0

}
,~PB$��6A7 N > 2, RN

1 ≡ R1 × R
N−1 -0!�Z Lorentz p� 〈·, ·〉1 6 N -W

Lorentz >�, p� 〈·, ·〉1 6=��a:

〈y, y′〉1 = −y0y
′

0 + y1y
′

1, y = (y0, y1), y′ = (y′0, y
′

1) ∈ R
N
1 ,)P6 “·” �+ R

N−1 �6�Z Euclid p�. (d58(, ℄d� H
n(−1) ��U H

n.� S
n
+ �+ S

n P;�[h�UB76��f, 8!M[a|6RNJw
σ : Rn → S

n\{(−1, 0)}, τ : Hn → S
n
+,

σ(u) =
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1 + |u|2
,

2u

1 + |u|2

)
, u ∈ R
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( 1

y0
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250 8 � t 9 A � 39 4Yj{, 5Z [1] P��P x 6 4 [��6 Möbius �N, � Möbius �N g, Blaschke9N A, Möbius ;H��|) B, �� Möbius |) C. K#, Möbius ℄V|�r6
+�!�E!�6�j, ~P���sB0!D5 Möbius �N6℄V|6NC=E. 
�, 0!n" Möbius |)6	f6NC[2]; Möbius el℄V|6NC [3]; 0!�
Möbius�f	Z6�	f6NC[4];BMöbius8��	f6NC[5−7],��B0!�a�O�	f6NC: Bd6 Blaschke 9Ng��B$~ Möbius �Nq Möbius ;H��|)[8]. x6>[=EN� Z[9−10] 5M[�J6LlfP%��6Lg. D�:, 5O"B S

m+1 P6 Möbius y~�	f (�0!y~ Möbius ;H��|)6�	f) 6NC[11]Ex, Z [12] ChP�[v6=E, O"PB.X�fP0!%W7U 2 6 Möbiusy~℄V|6NC.�&, M�_�6,�-
+.X�f S
n P0!D5 Blaschke 9N6℄V|. 
�, �[$N!��6`f-!5B0!y~ Blaschke9N6'�℄V|6NC\G. UPL���, ℄d�>C℄V|� UBlaschke y~℄V|. �, !�;�- Möbius|) C vUS6�|:  =�, Möbius el℄V|0!n"6 Möbius |)qy~6

Blaschke 9N; F�! Möbius y~℄V|��!n"6 Möbius |)qy~6 Blaschke9N[12].�&Ll, 3b1�-;Y�	f6�|. 5>Lf, ℄d�)�KP�a6NC.s~ 1.1 [13] � x : Mm → S
m+1, m > 2 - Blaschke y~�	f, 8 x 6 Möbius |)vUS, �� x �- Möbius y~6, �- Möbius el6, � Möbius 8�$�a6J℄E� (Bd?�o!M[�J6 Blaschke D?G):

(1) 5Z [13] P,  J 3.2 �℄%6�p�	f;

(2) 5Z [13] P,  J 3.3 �℄%6M�p�	f.fU; 2 �, ℄d{ChP�a6=E.s~ 1.2 [14] � x : Mm → S
m+p -3 S

m+p P6�[ Blaschke y~℄V|, B0!n"6 Möbius |) C. �j x �o!M[�J6 Blaschke D?G, laB�= Möbius8�$�a 4 R℄V|E�:

(1)k[0!y~y6	Zq�7N	Z����~y6	ZlNLl!M[�JU	Z�ry~'� x̃ : M → S
m+p;

(2)k[0!y~y6	Zq�7N	Z����~y6	ZlNLl!M[�JU	Z�ry~'� x : M → R
m+p 5 σ a6k;

(3)k[0!y~y6	Zq�7N	Z����~y6	ZlNLl!M[�JU	Z�ry~'� x : M → H
m+p 5 τ a6k;

(4) B�$kb�7 m1, p1, r, µ 6℄V| LS(m1, p1, r, µ)./ 1.1 ℄d5Z [14] 6J 3.2 P3'=�P>R0!ES�7 m1, p1, r, µ 6℄V| LS(m1, p1, r, µ), Bd6_a=E 1.2 P6H�. �JZ [14], ℄d Riemann ℄V|-ry~6, �j~;H��|)&y6	ZlN6p�-�[y~6B 9N. D�:,�j~;H��|)��-y~6, la- &℄V|- (Euclid) y~6.



3 } Gzr =w� /Y�gQ7 Blaschke z�^W} 251�Z��B S
n P0!n" Möbius |)6 Blaschke y~℄V|6NC`f. ^/=E 1.1 q=E 1.2, _��
+ls0! 3 [�J BlaschkeD?G6 Blaschkey~℄V|.U&, 3b5; 3�Pb7�Cv6 Blaschkey~℄V| (�U LS(m, p, r, µ)). Bd?0!n"6 Möbius|)���o! 3[�J6 BlaschkeD?G. >sJ℄6b7;XA-$Z [13] (�Z [15–16]) PB$�C�	fJ℄6b7LI, &C�	f6J℄0!M[�J6 BlaschkeD?G, BdxA�Ch-$!6�CM Möbius8�6 Blaschke8��	f. ,&�, ^/Z [17], �r Blaschke 8��	f�j!M[��6�J BlaschkeD?G, 8�=- Möbius 8�6. T\G6- Z [16] (�Z [18–19]) F%6. ^/Z

[7, 20], Möbius 8��	f[5]�!POÆ6NC, �FZ [17] 6`f&���O"PB
Blaschke 8��	f6NC`f (!e Blaschke 8��	fx6�NNC�j=�Z
[21]). TM, B$ de Sitter >� S

n
1 P6C>�	f�!�sy~6�j (�Z [22–23] ��Bd���6Ze).�Z6U�=E�a.s~ 1.3 � x : Mm → S

m+p - S
m+p P0!n" Möbius |) C 6 Blaschke y~℄V|. �j x �o! 3 [�J6 Blaschke D?G, laB�= Möbius 8�$�a6 4R'�℄V|E�:

(1)k[0!y~6y6	ZlNq�7N	Z����y6	ZlNLl�! 3[�JU	Z6ry~'� x̃ : Mm → S
m+p;

(2)k[0!y~6y6	ZlNq�7N	Z����y6	ZlNLl�! 3[�JU	Z6ry~'� x : Mm → R
m+p 5a|Jw σ a6k;

(3)k[0!y~6y6	ZlNq�7N	Z����y6	ZlNLl�! 3[�JU	Z6ry~'� x : Mm → H
m+p 5a|Jw τ a6k;

(4) B$kb_aH� m3r
2
2 6= m2r

2
3 6ES�7 m, p, r, µ,  J 3.2 P�=�6'�℄V|U LS(m, p, r, µ)./ 1.2 =�F�C: =E 1.3 P�R6�['�℄V|?_a=E 1.3 P6H� (j�; 3�). ℄d)|_��6NC=E�Tq=E 1.3-C<6. D�:, �Z�b76J℄ LS(m, p, r, µ) �T=�Lg3��6�|.

2 "i'�� x : Mm → S
m+p -�[^�<6'�℄V|.� h q H = 1

m
tr h N��+ x 6;H��|)qy6	ZlN. =�

ρ =
( m

m− 1
(|h|2 −m|H |2)

) 1
2

, Y = ρ(1, x), (2.1)8 Y : Mm → R
m+p+2
1 -( Mm 3 Lorentz >� R

m+p+2
1 6'�,  EU'� x 6�ZF� (�Möbius XMlN), F (2.1) �℄%6n7 ρ 8=�� U'� x 6Möbius �℄. U

C
m+p+1
+ = {y = (y0, y1) ∈ R1 × R

m+p+1 ; 〈y, y〉1 = 0, y0 > 0}.



252 8 � t 9 A � 39 4� O(m+ p+ 1, 1) - GL(m+ p+ 2;R) P�!�$ R
m+p+2
1 �6�Z Lorentz p� 〈·, ·〉1�6*>b"6 Lorentz �, 8 O(m+ p+ 1, 1) !�[℄�

O+(m+ p+ 1, 1) = {T ∈ O(m+ p+ 1, 1) ; T (Cm+p+1
+ ) ⊂ C

m+p+1
+ }. (2.2)�a6=E 2.1 -TD6.s~ 2.1 [1] N�0! Möbius XMlN Y, Ỹ 6M['�℄V| x, x̃ : Mm → S

m+p- Möbius 8�61�$1*5 T ∈ O+(m+ p+ 1, 1), '5 Ỹ = T (Y ).^/=E 2.1, Lorentz p� 〈·, ·〉1 Il Y 5 Mm �6#2�N
g = Y ∗〈·, ·〉1 = ρ2dx · dx-�[ Möbius �N6 Riemann �N[1, 24−25],  EU x 6 Möbius �N. I�lNGn7 Y q�N g 6 Laplace ?℄ ∆, ==�T�[S�6lNGn7 N : Mm → R

m+p+2
1�a,  EU Möbius QXMlN:

N = −
1

m
∆Y −

1

2m2
〈∆Y,∆Y 〉1Y. (2.3)�C, Möbius XMlN Y q Möbius QXMlN N _a�a6v8)[1]:

〈∆Y, Y 〉1 = −m, 〈∆Y, dY 〉1 = 0, 〈∆Y,∆Y 〉1 = 1 +m2κ, (2.4)

〈Y, Y 〉1 = 〈N,N〉1 = 0, 〈Y,N〉1 = 1, (2.5)~P κ �+ Möbius �N g 6Iz7N	Z.� V → Mm - RY ⊕ RN ⊕ Y∗(TM
m) 5yJ Lorentz ) Mm × R

m+p+2
1 Pe$

Lorentz� 〈·, ·〉1 6B��℄), B U'� x 6 Möbius I). �!�a6lN)N!:

Mm × R
m+p+2
1 = RY ⊕ RN ⊕ Y∗(TM

m)⊕ V. (2.6)� T⊥Mm �+'� x : Mm → S
m+1 6I), 8I� x 6y6	ZlN� H =�=�Jb Φ : T⊥Mm → V �a

Φ(e) = (H · e, (H · e)x+ e), ∀ e ∈ T⊥Mm, (2.7)8 Φ �$ T⊥Mm q V �6p�qL^�[1].UP�z�p, �Zd~�a6I��G/=:

1 6 i, j, k, · · · 6 m, m+ 1 6 α, β, γ, · · · 6 m+ p. (2.8)℄= x6�[� {θi}UBu6.�B���� {ei},���[B�6I��� {eα},U
Ei = ρ−1ei, ωi = ρθi, Eα = Φ(eα), (2.9)8 {Ei} - Mm �e$ Möbius �N g 6.XB����, B� {ωi} U~Bu, {Eα} -

Möbius I) V → M 6.XB����. �, {Y,N, Yi := Y∗(Ei), Eα} - R
m+p+2
1 �

Mm 6�[~>��. �j�� Möbius �N A, B q C N��+U
A =

∑
Aijω

iωj , B =
∑

Bα
ijω

iωjEα, C =
∑

Cα
i ω

iEα, (2.10)
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dY =
∑

Yiω
i, dN =

∑
Aijω

jYi + Cα
i ω

iEα, (2.11)

dYi = −
∑

Aijω
jY − ωiN +

∑
ω
j
i Yj +

∑
Bα

ijω
jEα, (2.12)

dEα = −
∑

Cα
i ω

iY −
∑

Bα
ijω

jYi +
∑

ωβ
αEβ , (2.13)~P ω

j
i - Möbius �N g 6 Levi-Civita L^|), ωβ

α - x 6 (Möbius) IL^|). IlF�
?, =D�a6.��+)[1]:

Aij = −ρ−2
(
Hess ij(log ρ)− ei(log ρ)ej(log ρ)−

∑
Hαhα

ij

)

−
1

2
ρ−2(|d log ρ|2 − 1 + |H |2)δij , (2.14)

Bα
ij = ρ−1(hα

ij −Hαδij), (2.15)

Cα
i = −ρ−2

(
Hα

,i +
∑

(hα
ij −Hαδij)ej(log ρ)

)
, (2.16)~P6a� “, i” �+�Ll ei�e$#2�N dx · dx 6t27.N�� Rijkl , R

⊥

αβij �+ Möbius Riemann 	Z9Nq Möbius I)	Z?℄e$���� {Ei} qI Möbius I��� {Eα} 6NN, 8![1]

trA =
1

2m
(1 +m2κ), trB =

∑
Bα

iiEα = 0, |B|2 =
∑

(Bα
ij)

2 =
m− 1

m
, (2.17)

Rijkl =
∑

(Bα
ilB

α
jk −Bα

ikB
α
jl) +Ailδjk −Aikδjl +Ajkδil −Ajlδik, (2.18)

R⊥

αβij =
∑

(Bα
jkB

β
ik −Bα

ikB
β
jk). (2.19)�$ Riemann 	Z9N6�J�I, L# (2.18) � (2.19) &Z [1] h
��[Sp.�j� Aijk , B

α
ijk, C

α
ij N��+ A, B, C 6t27e$��� {Ei} q {Eα} 6NN,8!�a6 Ricci v8)[1]:

Aijk −Aikj =
∑

(Bα
ikC

α
j −Bα

ijC
α
k ), (2.20)

Bα
ijk −Bα

ikj = δijC
α
k − δikC

α
j , (2.21)

Cα
ij − Cα

ji =
∑

(Bα
ikAkj −Bα

kjAki). (2.22)� Rij �+ Ricci 	Z6NN, 8IlB (2.18) q (2.21) %~��2?, =5
Rij = −

∑
Bα

ikB
α
kj + δijtrA+ (m− 2)Aij , (2.23)

(m− 1)Cα
i = −

∑
Bα

ijj . (2.24)&M, B$X�6t27 Bα
ij···kl, ℄d!�a6 Ricci v8):

Bα
ij···kl −Bα

ij···lk =
∑

Bα
qj···Riqkl +

∑
Bα

iq···Rjqkl + · · · −
∑

B
β
ij···R

⊥

βαkl. (2.25)^/ (2.17), (2.23)–(2.24), �j m > 3, la x 6 Blaschke 9N A q Möbius |) C6=� Möbius �N g�Möbius ;H��|) B q (Möbius) IL^��=. $-�a6=E"K.s~ 2.2 [1] � m > 3, 8M[^�<℄V| x : Mm → S
m+p q x̃ : M̃m → S

m+p

Möbius8�1�$1Bd!hJ6 Möbius�N�hJ6 Möbius ;H��|)qhJ6
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(Möbius) IL^.

3 �r�15ChU�=EE�, !��	;.X�f S
m+p P(=qE6 Blaschke y~℄V|6J℄. X�3, Sm+p P�!6 Möbius y~℄V|�=- Blaschke y~6, >CJ℄=��Z [12]. ������Cv6 Blaschkey~℄V|6J℄, Bd��?�- Möbiusy~6.� 3.1 Z [14] 
+P�a6 3 C℄V|[12].

(1) 0!y~y6	ZlN H̃ q�7N	Z S̃ 6^�<ry~℄V| x̃ : Mm →

S
m+p.

(2) 0!y~y6	ZlN H q�7N	Z S 6^�<ry~℄V| x : Mm →

R
m+p &a|Jw σ 6Rt x̃ = σ ◦ x.

(3) 0!y~y6	ZlN H q�7N	Z S 6^�<ry~℄V| x : Mm →

H
m+p &a|Jw τ 6Rt x̃ := τ ◦ x./ 3.1 Z [14] ChP�6 (1)–(3) P�R6J℄ x̃ : Mm → S

m+p ?- Blaschke y~6�0!n"6 Möbius|). %��:, (1)P6 x̃�! 3[�J6 BlaschkeD?G1�$1B-M�p6���y6	ZlN H̃ Ll�! 3[�J6U	Z, F (2)q (3)P6 x̃ ! 3 [�J6 BlaschkeD?G1�$1h�6 x : Mm → R
m+p � x : Mm → H

m+p-M�p6��y6	ZlN H Ll�o! 3 [�J6U	Z. X�3, x̃ U Möbius el6, � x̃ $!�[�J6 Blaschke D?G, 1�$1 (1) P6 x̃ � (2) q (3) P6 x -�p6[3]. &M, �o:%[12], J 3.1 P℄%6℄V| x̃ - Möbius y~61�$1 (1) P6 x̃, � (2) q (3) P6 x - (Euclid) y~6.� 3.2 ℄V| LS(m, p, r, µ).℄d(℄=6�bES�7 (m, p, r, µ) �2, ~P
m := (m1,m2,m3), p := (p1, p2, p3), r := (r1, r2, r3), µ := (µ1, µ2, µ3),�� m1,m2,m3 q p1, p2, p3 -_a

m1,m2,m3 > 1, p1, p2, p3 > 06A7; F r1, r2, r3 q µ1, µ2, µ3 8-_a
r1, r2, r3 > 0, r21 = r22 + r23 , µ1, µ2, µ3 > 0, µ1 + µ2 + µ3 = 16&7. U

m := m1 +m2 +m3, p := p1 + p2 + p3 + 1.
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det

∣∣∣∣∣∣∣∣

m+m1 m2 m3

m1 m+m2 m3

m1 m2 m+m3

∣∣∣∣∣∣∣∣
= 2m3 6= 0,*5&7 λ1, λ2, λ3, Bd 




(m+m1)λ1 +m2λ2 +m3λ3 = −
m1

r21
,

m1λ1 + (m+m2)λ2 +m3λ3 =
m2

r22
,

m1λ1 +m2λ2 + (m+m3)λ3 =
m3

r23

(3.1)T��=. � B0
1 , B

0
2 , B

0
3 - 

m1B
0
1 +m2B

0
2 +m3B

0
3 = 0, B0

aB
0
b = −(λa + λb), a 6= b (3.2)=�6&7, ~P 1 6 a, b 6 3. �, 51�h��[aJPp6��a, B0

1 , B
0
2 , B

0
3 -T�6. ,&�,

(B0
a)

2 =
1

ma

((ma′ +ma′′)λa +ma′λa′ +ma′′λa′′ ), (3.3)~P a, a′, a′′ - 1, 2, 3 6�[uM|.^/ (3.2), B$ 1, 2, 3 6�[vR a, a′, a′′, a)"K:

2λa = (λa + λa′ ) + (λa + λa′′)− (λa′ + λa′′) = −B0
aB

0
a′ −B0

aB
0
a′′ +B0

a′B0
a′′ . (3.4)/&�I� (3.1)–(3.4) %~F�
?=�Ch�a6�E.�~ 3.1 a)"K:

2λ1 + (B0
1)

2 = −
1

r21
, 2λ2 + (B0

2)
2 =

1

r22
, 2λ3 + (B0

3)
2 =

1

r23
, (3.5)

−
m1 − 1

r21
+ (B0

1)
2 = (m+m1 − 2)λ1 +m2λ2 +m3λ3 = (m− 2)λ1 +

∑

a

maλa, (3.6)

m2 − 1

r22
+ (B0

2)
2 = m1λ1 + (m+m2 − 2)λ2 +m3λ3 = (m− 2)λ2 +

∑

a

maλa, (3.7)

m3 − 1

r23
+ (B0

3)
2 = m1λ1 +m2λ2 + (m+m3 − 2)λ3 = (m− 2)λ3 +

∑

a

maλa, (3.8)

−
m1(m1 − 1)

r21
+

m2(m2 − 1)

r22
+

m3(m3 − 1)

r23

= (2m1(m− 1)− (m+m1))λ1 + (2m2(m− 1)− (m+m2))λ2

+ (2m3(m− 1)− (m+m3))λ3, (3.9)

m1(B
0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2 = (m+m1)λ1 + (m+m2)λ2 + (m+m3)λ3, (3.10)

− r21B
0
1 + r22B

0
2 + r23B

0
3 = 0, (3.11)

− r21(B
0
1)

2 + r22(B
0
2)

2 + r23(B
0
3)

2 = −λ1r
2
1 + λ2r

2
2 + λ3r

2
3 = 1. (3.12)
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ỹ = (ỹ0, ỹ1) : M1 → H

m1+p1

(
−

1

r21

)
⊂ R

m1+p1+1
1-�[0!�7N	Z

S̃1 = −
m1(m1 − 1)

r21
+ µ1

(
m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2 −
m− 1

m

)
(3.13)6 m1 W�p'�℄V|, F

ỹ2 : M2 → S
m2+p2(r2) ⊂ R

m2+p2+1, ỹ3 : M3 → S
m3+p3(r3) ⊂ R

m3+p3+1 (3.14)N�-0!�7N	Z
S̃2 =

m2(m2 − 1)

r22
+ µ2

(
m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2 −
m− 1

m

)
, (3.15)

S̃3 =
m3(m3 − 1)

r23
+ µ3

(
m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2 −
m− 1

m

)
(3.16)6 m2, m3 W�p'�℄V|, 8^/ (3.9)–(3.10),

S̃1 + S̃2 + S̃3 = −
m1(m1 − 1)

r21
+

m2(m2 − 1)

r22
+

m3(m3 − 1)

r23

−
m− 1

m
+m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2

= 2(m− 1)
∑

a

maλa −
m− 1

m
. (3.17)U

M̃m = M1 ×M2 ×M3, Ỹ = (ỹ0, ỹ1, ỹ2, ỹ3), (3.18)8 Ỹ : M̃m → R
m+p+2
1 -�[_a 〈Ỹ , Ỹ 〉1 = 0 6'�, B0!#26 Riemann �N

g = 〈dỸ , dỸ 〉1 = −dỹ20 + dỹ21 + dỹ22 + dỹ23 .$-fU Riemann V|
(M̃m, g) = (M1, 〈dỹ, dỹ〉1)× (M2, dỹ

2
2)× (M3, dỹ

2
3). (3.19)=�

x̃1 =
ỹ1

ỹ0
, x̃2 =

ỹ2

ỹ0
, x̃3 =

ỹ3

ỹ0
, x̃ = (x̃1, x̃2, x̃3), (3.20)8 x̃2 = 1 �� x̃ : M̃m → S

m+p -�['�℄V|, ��U LS(m, p, r, µ).  $
dx̃ = −

dỹ0
ỹ20

(ỹ1, ỹ2, ỹ3) +
1

ỹ0
(dỹ1, dỹ2, dỹ3), (3.21)

M̃m �6#2�N g̃ = dx̃ · dx̃ & g !�ae`:

g̃ = ỹ−2
0 (−dỹ20 + dỹ21 + dỹ22 + dỹ23) = ỹ−2

0 g. (3.22)U
E0 := −(B0

1 ỹ0, B
0
1 ỹ1, B

0
2 ỹ2, B

0
3 ỹ3), (3.23)
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{Eα;m+ 1 6 α 6 m+ p1},

{Eα;m+ p1 + 1 6 α 6 m+ p1 + p2},

{Eα;m+ p1 + p2 + 1 6 α 6 m+ p1 + p2 + p3}N�- ỹ, ỹ2, ỹ3 6_a
Eα ≡ (Eα0, Eα1) ∈ R

1
1 × R

m1+p1 ≡ R
m1+p1+1
1 , α = m+ 1, · · · ,m+ p16.XB�I���. =�

ẽα = (Eα1, 0, 0)− Eα0x̃ ∈ R
m1+p1 × R

m2+p2+1 × R
m3+p3+1 ≡ R

m+p+1,

α = m+ 1, · · · ,m+ p1; (3.24)

ẽα = (0, Eα, 0) ∈ R
m1+p1 × R

m2+p2+1 × R
m3+p3+1 ≡ R

m+p+1,

α = m+ p1 + 1, · · · ,m+ p1 + p2; (3.25)

ẽα = (0, 0, Eα) ∈ R
m1+p1 × R

m2+p2+1 × R
m3+p3+1 ≡ R

m+p+1,

α = m+ p1 + p2 + 1, · · · ,m+ p1 + p2 + p3; (3.26)

ẽ0 = −(B0
1 ỹ1, B

0
2 ỹ2, B

0
3 ỹ3) +B0

1 ỹ0x̃, (3.27)8^/�E 3.1, {ẽα, ẽα0; m+1 6 α 6 m+ p− 1} - LS(m, p, r, µ) 6�[.XB�I���. ^/ (3.21), B$ α = m+ 1, · · · ,m+ p1,

dẽα · dx̃ = (dEα1, 0, 0) · dx̃ − dEα0x̃dx̃− Eα0dx̃
2

= −(ỹ−2
0 dỹ0)dEα1 · ỹ1 + ỹ−1

0 dEα1 · dỹ1 − Eα0ỹ
−2
0 g

= ỹ−1
0 (−dEα0dỹ0 + dEα1 · dỹ1)− Eα0ỹ

−2
0 g, (3.28)~P; 3 [8pI�P

−Eα0ỹ0 + Eα1 · ỹ1 = −dEα0ỹ0 + dEα1 · ỹ1 = 0; (3.29)J%, B$ α = m+ p1 + 1, · · · ,m+ p1 + p2,

dẽα · dx̃ = ỹ−1
0 (dEα · dỹ2); (3.30)FB$ α = m+ p1 + p2 + 1, · · · ,m+ p− 1,

dẽα · dx̃ = ỹ−1
0 (dEα · dỹ3). (3.31)%��:,

dẽα0 · dx̃ = ỹ−2
0 dy0(B

0
1dỹ1, B

0
2dỹ2, B

0
3dỹ3) · (ỹ1, ỹ2, ỹ3)

− ỹ−1
0 (B0

1dỹ1, B
0
2dỹ2, B

0
3dỹ3) · (dỹ1, dỹ2, dỹ3)

+B0
1dỹ0x̃dx̃+B0

1 ỹ0dx̃dx̃

= ỹ−1
0 B0

1dỹ
2
0 − ỹ−1

0 B0
1(〈dỹ, dỹ〉1 + dỹ20)

− ỹ−1
0 (B0

2dỹ
2
2 +B0

3dỹ
2
3) + ỹ−1

0 B0
1g
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= −ỹ−1

0 ((B0
2 −B0

1)dỹ
2
2 + (B0

3 − B0
1)dỹ

2
3). (3.32)�j�

hM1 =

m+p1∑

α=m+1

h
α
Eα, hM2 =

m+p1+p2∑

α=m+p1+1

h
α
Eα, hM3 =

m+p−1∑

α=m+p1+p2+1

h
α
EαN��+ ỹ, ỹ2 q ỹ3 6;H��|), la LS(m, p, r, µ) 6;H��|)

h̃ =

m+p−1∑

α=m+1

h̃αẽα + h̃α0 ẽα0= a)℄%:

h̃α = −dẽα · dx̃ = y−1
0 h

α
+ Eα0ỹ

−2
0 g, α = m+ 1, · · · ,m+ p1; (3.33)

h̃α = −dẽα · dx̃ = ỹ−1
0 h

α
, α = m+ p1 + 1, · · · ,m+ p− 1; (3.34)

h̃α0 = ỹ−1
0 ((B0

2 −B0
1)dỹ

2
2 + (B0

3 −B0
1)dỹ

2
3). (3.35)�

{Ei ; 1 6 i 6 m1}, {Ei ;m1 + 1 6 i 6 m1 +m2}, {Ei ;m1 +m2 + 1 6 i 6 m}N�-
(M1, 〈dỹ, dỹ〉1), (M2, dỹ

2
2), (M3, dỹ

2
3),6.XB����, 8 {Ei ; 1 6 i 6 m} - (Mm, g) 6.XB����.U ẽi = ỹ0Ei, i = 1, · · · ,m, 8 {ẽi ; 1 6 i 6 m} - (Mm, g̃) 6�[.XB����. $-, B$ α = m+ 1, · · · ,m+ p1,





h̃α
ij = h̃α(ẽi, ẽj) = ỹ20h̃

α(Ei, Ej) = ỹ0h
α
(Ei, Ej) + Eα0 g(Ei, Ej)

= ỹ0h
α

ij + Eα0δij , �j 1 6 i, j 6 m1,

h̃α
ij = Eα0δij , ~A;

(3.36)FB$ α = m+ p1 + 1, · · · ,m+ p1 + p2,




h̃α
ij = h̃α(ẽi, ẽj) = ỹ20h̃

α(Ei, Ej) = ỹ0h
α
(Ei, Ej) = ỹ0h

α

ij ,�j m1 + 1 6 i, j 6 m1 +m2,

h̃α
ij = 0, ~A;

(3.37)B$ α = m+ p1 + p2 + 1, · · · ,m+ p− 1,




h̃α
ij = h̃α(ẽi, ẽj) = ỹ20h̃

α(Ei, Ej) = ỹ0h
α
(Ei, Ej) = ỹ0h

α

ij ,�j m1 +m2 + 1 6 i, j 6 m,

h̃α
ij = 0, ~A.

(3.38)%��:,

h̃α0

ij = h̃α0(ẽi, ẽj) = ỹ20h̃
α0(Ei, Ej)
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=





ỹ0(B
0
2 −B0

1)δij , m1 + 1 6 i, j 6 m1 +m2,

ỹ0(B
0
3 −B0

1)δij , m1 +m2 + 1 6 i, j 6 m,

0, ~A.

(3.39) $ ỹ, ỹ2 q ỹ3 -�p'�, LS(m, p, r, µ) 6y6	ZlN
H̃ =

1

m

(m+p−1∑

α=m+1

m∑

i=1

h̃α
iiẽα +

m∑

i=1

h̃α0

ii ẽα0

) a)�=:

H̃α =
1

m

m∑

i=1

h̃α
ii =

ỹ0

m

m1∑

i=1

h
α

ii + Eα0 = Eα0, m+ 1 6 α 6 m+ p1; (3.40)

H̃α =
1

m

m∑

i=1

h̃α
ii =

ỹ0

m

m1+m2∑

i=m1+1

h
α

ii = 0, m+ p1 + 1 6 α 6 m+ p1 + p2; (3.41)

H̃α =
1

m

m∑

i=1

h̃α
ii =

ỹ0

m

m∑

i=m1+m2+1

h
α

ii = 0, m+ p1 + p2 + 1 6 α 6 m+ p− 1; (3.42)

H̃α0 =
1

m

m∑

i=1

h̃α0

ii =
ỹ0

m
(m2(B

0
2 −B0

1) +m3(B
0
3 −B0

1)) = −ỹ0B
0
1 . (3.43)( (3.2), (3.9)–(3.10), (3.17), (3.36)–(3.43) q ỹ, ỹ2, ỹ3 6 Gauss L#, =5

|h̃|2 = ỹ20

m+p1∑

α=m+1

m1∑

i,j=1

(h
α

ij)
2 +m

m+p1∑

α=m+1

(Eα0)
2 + ỹ20

m+p1+p2∑

α=m+p1+1

m1+m2∑

i,j=m1+1

(h
α

ij)
2

+ ỹ20

m+p−1∑

α=m+p1+p2+1

m∑

i,j=m1+m2+1

(h
α

ij)
2 + ỹ20(m2(B

0
2 −B0

1)
2 +m3(B

0
3 −B0

1)
2)

= −ỹ20

(m1(m1 − 1)

r21
+ S̃1

)
+m

m+p1∑

α=m+1

(Eα0)
2 + ỹ20

(m2(m2 − 1)

r22
− S̃2

)

+ ỹ20

(m3(m3 − 1)

r23
− S̃3

)
+ ỹ20(m2(B

0
2 −B0

1)
2 +m3(B

0
3 −B0

1)
2)

=
m− 1

m
ỹ20 +m

m+p1∑

α=m+1

(Eα0)
2 − ỹ20(m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2)

+ ỹ20(m2(B
0
2 −B0

1)
2 +m3(B

0
3 −B0

1)
2)

=
m− 1

m
ỹ20 +m

m+p1∑

α=m+1

(Eα0)
2 +mỹ20(B

0
1)

2, (3.44)

|H̃ |2 =

m+p1∑

α=m+1

(H̃α)2 +

m+p1+p2∑

α=m+p1+1

(H̃α)2 +

m+p−1∑

α=m+p1+p2+1

(H̃α)2 + (H̃α0)2

=

m+p1∑

α=m+1

(Eα0)
2 + ỹ20(B

0
1)

2, (3.45)
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|h̃|2 −m|H̃ |2 =

m− 1

m
ỹ20 > 0.>:h x̃ b!�<, ��B6 Möbius �℄ ρ̃ = ỹ0. �&, Ỹ - LS(m, p, r, µ) 6 Möbius XMlN. (F LS(m, p, r, µ) 6 Möbius �N�o- 〈dỸ , dỸ 〉1 = g. %��:, �j� {ωi}�+ Mm �Bu$ {Ei} 6.�%���, la LS(m, p, r, µ) 6 Möbius ;H��|)

B̃ =

m+p∑

α=m+1

B̃αΦ(ẽα) ≡

m+p∑

α=m+1

B̃α
ijω

iωjΦ(ẽα) a)�=:

B̃α = ρ̃−1
∑

(h̃α
ij − H̃αδij)ω

iωj =

m1∑

i,j=1

h
α

ijω
iωj ,

α = m+ 1, · · · ,m+ p1; (3.46)

B̃α = ρ̃−1
∑

(h̃α
ij − H̃αδij)ω

iωj =

m1+m2∑

i,j=m1+1

h
α

ijω
iωj ,

α = m+ p1 + 1, · · · ,m+ p1 + p2, (3.47)

B̃α = ρ̃−1
∑

(h̃α
ij − H̃αδij)ω

iωj =

m∑

i,j=m1+m2+1

h
α

ijω
iωj,

α = m+ p1 + p2 + 1, · · · ,m+ p− 1, (3.48)

B̃α0 = B0
1

m1∑

i=1

(ωi)2 +B0
2

m1+m2∑

i=m1+1

(ωi)2 +B0
3

m∑

i=m1+m2+1

(ωi)2, (3.49)�8�:
B̃α

ij =





h
α

ij , �jm+ 1 6 α 6 m+ p1, 1 6 i, j 6 m1,�m+ p1 + 1 6 α 6 m+ p1 + p2, m1 + 1 6 i, j 6 m1 +m2,�m+ p1 + p2 + 1 6 α 6 m+ p− 1, m1 +m2 + 1 6 i, j 6 m,

B0
1δij , �jα = α0, 1 6 i, j 6 m1,

B0
2δij , �jα = α0, m1 + 1 6 i, j 6 m1 +m2,

B0
3δij , �jα = α0, m1 +m2 + 1 6 i, j 6 m,

0, ~A.

(3.50)

T�Lf,  $ Möbius �N g - 〈dỹ, dỹ〉1, dỹ2 · dỹ2 q dỹ3 · dỹ3 6F�, ^/�p�q ỹ, ỹ2, ỹ3 6 Gauss L#, g 6 Ricci 9N a)℄%:

Rij = −
m1 − 1

r21
δij −

∑

α1

m1∑

k=1

h
α1

ik h
α1

kj , �j 1 6 i, j 6 m1, (3.51)

Rij =
m2 − 1

r22
δij −

∑

α2

m1+m2∑

k=m1+1

h
α2

ik h
α2

kj , �j m1 + 1 6 i, j 6 m1 +m2, (3.52)
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Rij =
m3 − 1

r23
δij −

∑

α3

m∑

k=m1+m2+1

h
α3

ik h
α3

kj , �j m1 +m2 + 1 6 i, j 6 m, (3.53)

Rij = 0, ~A, (3.54)~P
m+ 1 6 α1 6 m+ p1, m+ p1 + 1 6 α2 6 m+ p1 + p2,

m+ p1 + p2 + 1 6 α3 6 m+ p− 1.T�Lf, ^/ ỹ, ỹ2 � ỹ3 6=�, g 6Iz7N	Z κ  a)℄% (� (3.17)):

κ =
1

m(m− 1)
(S̃1 + S̃2 + S̃3) =

2

m

∑

a

maλa −
1

m2
.$-

trA =
1

2m
(1 +m2κ) =

∑

a

maλa. (3.55) $ m > 3, ^/ (2.23), (3.6) q (3.50)–(3.55) =D, LS(m, p, r, µ) 6 Blaschke 9N 
A =

∑
Aijω

iωj ℄%, ~P, B$ 1 6 i, j 6 m1,

Aij =
1

m− 2

(
−

m1 − 1

r2
+ (B0

1)
2 −

∑

a

maλa

)
δij = λ1δij . (3.56)JÆ:,

Aij = λ2δij , m1 + 1 6 i, j 6 m1 +m2, (3.57)

Aij = λ3δij , m1 +m2 + 1 6 i, j 6 m, (3.58)

Aij = 0, ~A. (3.59)��, A !�D?G λ1, λ2, λ3.  $1 Aii 6= Ajj %! ω
j
i = 0, LS(m, p, r, µ) - Blaschkey~6.�Æ 3.1 B$J 3.2 �=�6℄V| LS(m, p, r, µ), �a�℄"K:

(1) Möbius |) C vUS;

(2) Blaschke D?G λ1, λ2, λ3 y�hJ1�$1 m3r
2
2 6= m2r

2
3 ;

(3) Möbius ;H��|) B y~1�$1
ỹ : M1 → H

m1+p1

(
−

1

r21

)
, ỹ2 : M2 → S

m2+p2(r2), ỹ3 : M3 → S
m3+p3(r3)fU Riemann℄V|?-y~6. 5&�?a, ỹ(M1)82$Æ�:9	>� H

m1
(
− 1

r21

)
,�F ỹ =��f H

m1
(
− 1

r21

) 5 H
m1+p1

(
− 1

r21

) P6�Z��.%  $ (1) q (3) 6ChqZ [14] PiG 3.1 6ChC<, 5& \; �℄ (2) F�A_$ (3.1)./ 3.2 �oCh, �j m3r
2
2 = m2r

2
3 , la λ2 = λ3. 5&�?a, LS(m, p, r, µ) !M[�J6 Blaschke D?G, �F-Z [14] PJ 3.1 �J 3.2 6DJ.



262 8 � t 9 A � 39 4
4 -�t�r&�� x : Mm → S

m+p - S
m+p P6�[^�<'�℄V|, B_aU�=E6�!H�, �� λ1, λ2, λ3 - x 6 3 [�J6 Blaschke D?G.  $ Möbius |) C ≡ 0 ��

Blaschke9N Ay~, (M, g)82$ 3[ RiemannV| (M1, g
(1)), (M2, g

(2))q (M3, g
(3))6F�. �

m1 := dimM1, m2 := dimM2, m3 := dimM3,8! (Mm, g) �6.XB���� {Ei}, _a:

E1, · · · , Em1 ∈ TM1, Em1+1, · · · , Em1+m2 ∈ TM2, Em1+m2+1, · · · , Em ∈ TM3,�� A hB$ {Ei} 6NN Aij =�B�z�a:

Ai1j1 = λ1δi1j1 , Ai2j2 = λ2δi2j2 , Ai3j3 = λ3δi3j3 , Ai1j2 = Ai2j3 = Ai1j3 = 0, (4.1)~P
1 6 i1, j1, k1, · · · 6 m1, m1+1 6 i2, j2, k2, · · · 6 m1+m2, m1+m2+1 6 i3, j3, k3, · · · 6 m.%��:,�5; 2��+,B$k[MöbiusI��� {Eα},=U B =

∑
Bα

ijω
iωjEα,~P {ωi} - {Ei} 6Bu, 8^/ C ≡ 0 q (2.22), h�6NN Bα

ij _a:

Bα
i1i2

= Bα
i1i3

= Bα
i2i3

≡ 0, ∀α, i1, i2, i3. (4.2)��:, ℄d!af6�E.�~ 4.1 �j i, j, · · · , k P*5M[I�U ia, ib (a 6= b), 8�a6v8)"K:

Bα
ij···k ≡ 0, (4.3)~P ij · · · k �+�7U�9$ 2 6ESI�.% ^/ (4.2) q7�hmI, $�Ch: �j (4.3) "K, 81I� i, j, · · · , k, l P!M[�|) ia, ib (a 6= b) %, �!

Bα
ij···kl ≡ 0. (4.4),&�, $�;Y�a6MR�|:

(i) I� i, j, · · · , k P*5M[N�0!|) ia, ib, a 6= b.5&�?a, I� (4.3) q ω
jb
ia

= 0 (a 6= b), =5
Bα

ij···klω
l = dBα

ij···k −
∑

Bα
lj···kω

l
i −

∑
Bα

il···kω
l
j − · · · −

∑
Bα

ij···lω
l
k +

∑
B

β
ij···kω

α
β ≡ 0.�&, (4.4) "K.

(ii) 1 6 i, j, · · · , k 6 m1, � m1 + 1 6 i, j, · · · , k 6 m1 + m2, � m1 + m2 + 1 6

i, j, · · · , k 6 m !�"K.�"���, ℄d���<, 8�! l = ja, a = 2 � a = 3. ^/ (2.19) q (4.2), !
R⊥

αβi1ja
=

∑

q

(Bα
jaq

B
β
i1q

−Bα
i1q

B
β
jaq

) ≡ 0, ∀i1, ja, a = 2, 3. (4.5)
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Bα

ij···kja
= Bα

ij···jak
+
∑

Bα
qj···Riqkja +

∑
Bα

iq···Rjqkja + · · · −
∑

B
β
ij···R

⊥

βαkja
≡ 0.�~ 4.2 B�!6 ia, ja, ka, · · · , la, ib, jb, · · · , kb (1 6 a 6= b 6 3), �a6)℄"K:

∑

α

Bα
iaja

Bα
ibjb

= −(λa + λb)δiajaδibjb , (4.6)

∑

α

Bα
iajaka

Bα
ibjb

= 0. (4.7)_��:,

Bα
iajaka···la

Bα
ibjb···kb

= 0, (4.8)~P iajaka · · · la �+�7�p$ 3 6ESI�.% ��E6U��/- Möbius Gauss L# (2.18) �� Blaschke 9N A 6y~���. ,&�,  $ a 6= b, (4.6)  (2.18), (4.1)–(4.2) �� Riaibjbja ≡ 0 ℄%; (4.7) = 
(2.18), (4.3), Riaibjbja ≡ 0 q A 6y~�53; x, I�7�hmI�(4.7)��E 4.1 ���53 (4.8).fU (4.6) 6L℄, B$ a 6= b, !

∑

α

Bα
iaja

(Bα
ibib

−Bα
jbjb

) = 0, (4.9)

∑

α

Bα
iaja

Bα
ibjb

= 0, �jia 6= ja. (4.10)=�
Va = Span

{∑

α

Bα
iaja···ka

Eα

}
, a = 1, 2, 3; (4.11)

Va0 = Va ∩ (Va′ + Va′′)⊥, �F Va0 ⊥Vb0 B$a 6= b, (4.12)~P6 a, a′, a′′ - 1, 2, 3 6�[uM|. ,&�, UPCh Va0 ⊥Vb0 (a 6= b), J�X�3,^/=�! Va0 ⊂ (Va′ + Va′′)⊥, >3m[
Va0⊥(Va′ + Va′′) ⊃ Va′0 + Va′′0.� V ′

a0 (a = 1, 2, 3) - Va0 5 Va P6B��, ��
V0 := V ′

10 + V ′

20 + V ′

30,8a)"K
V0⊥Va0, a = 1, 2, 3, �8�:, V0⊥(V10 ⊕ V20 ⊕ V30).U&, $�Ch: B$�B a, b = 1, 2, 3, V ′

a0⊥Vb0. ,&�, 3b =�D V ′

a0⊥Va0; ~'B$ b 6= a ! b = a′ � b = a′′. $-
V ′

a0 ⊂ Va ⊂ Va + Va′′ =⇒ V ′

a0⊥(Va + Va′′)⊥ ⊃ Va′0.JÆ=5 V ′
a0⊥Va′′0.�~ 4.3 1 6 dimV0 6 2.
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V ′

a0

ij �+ Bij 6 V ′
a0- NN, a = 1, 2, 3, 8 (4.9) q (4.10),!

B
V ′

a0
iaja

= 0, B
V ′

a0
iaia

= B
V ′

a0
jaja

, ∀ ia, ja, ia 6= ja. (4.13)�&, B$�[d=6 ia,

V ′

a0 = Span {B
V ′

a0
iaia

}, a = 1, 2, 3. (4.14)D�:, dimV ′
a0 6 1, a = 1, 2, 3.T�Lf, ^/ (2.17) 6;H[L#, !

∑

i1

Bi1i1 +
∑

i2

Bi2i2 +
∑

i3

Bi3i3 = 0. (4.15)0-B$�r a q ia, ( V0⊥Va0 �D BV0

iaia
= B

V ′

a0

iaia
. �&

Biaia = BVa0

iaia
+B

V ′

a0

iaia
= BVa0

iaia
+BV0

iaia
.4'I� V0⊥Va0 � Va0 ⊥Vb0 (a 6= b), 8) (4.15) =zU

∑

ia

BVa0

iaia
= 0, a = 1, 2, 3,

∑

i1

BV0

i1i1
+
∑

i2

BV0

i2i2
+
∑

i3

BV0

i3i3
= 0. (4.16)

(4.16) q (4.13) :h, B$d=6 i1, i2 q i3,

m1B
V0

i1i1
+m2B

V0

i2i2
+m3B

V0

i3i3
= 0. (4.17)4�t (4.14) �=Ch dimV0 6 2.x,�j dim V0 = 0,laB$�r6 a 6= b, Biaia⊥Bibib . 4�t (4.6)D λa+λb = 0,>& λ1, λ2, λ3 y�hJ6��`D. �f6C℄, V0, V10, V20 q V30 yhB�. � ι := dimV0, 8=�/1:��.XB�6I��� {Eα}, '5

Eαν ∈ V0, ν = 1, · · · , ι; Eαa
, Eβa

, Eγa
, · · · ∈ Va0, a = 1, 2, 3. (4.18)�~ 4.4 V0, V10, V20 �� V30 5 Möbius I) V Py~. D�:, Bd6W7?-�6.% � ξa q ξ0 - V 6�f, _a ξa ∈ Va0 (a = 1, 2, 3), ξ0 ∈ V0, 8 ℄>� V0, V10,

V20 q V30 6=�D, ξa - BVa0

iaja···ka
6g�bt; B$kb i1, i2, i3, ξ0 - BV0

i1i1
, BV0

i2i2
�

BV0

i3i3
6g�bt. $-, ^/ (4.8)–(4.10) �� (4.16), �oA=

〈D⊥ξa, ξ0〉1 = 〈D⊥ξa, ξb〉1 ≡ 0, b 6= a. (4.19),&�, =� a = 1, ξa = m1B
V10
11 . � Bi1i1 =

∑
α Bα

i1i1
Eα. ^/ (4.16),

m1B
V10
11 = (BV10

11 −BV10
22 ) + · · ·+ (BV10

11 −BV10
m1m1

)

=
∑

α

((Bα
11 − Bα

22) + · · ·+ (Bα
11 −Bα

m1m1
))Eα,�F

D⊥ξa = m1D
⊥BV10

11 =
∑

α

((dBα
11 − dBα

22) + · · ·+ (dBα
11 − dBα

m1m1
))Eα
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+
∑

α,β

((Bα
11 −Bα

22) + · · ·+ (Bα
11 −Bα

m1m1
))ωα

βEα

=
∑

i,α

((Bα
11i −Bα

22i) + · · ·+ (Bα
11i −Bα

m1m1i
))ωiEα

+ 2
∑

i,α

(Bα
1iω

i
1 −Bα

2iω
i
2)Eα + · · ·+ 2

∑

i,α

(Bα
1iω

i
1 −Bα

m1i
ωi
m1

)Eα

=
∑

i1,α1

((Bα1

11i1
−Bα1

22i1
) + · · ·+ (Bα1

11i1
−Bα1

m1m1i1
))ωi1Eα1

+ 2
∑

i1,α1

(Bα1

1i1
ωi1
1 −Bα1

2i1
ωi1
2 )Eα1 + · · ·+ 2

∑

i1,α1

(Bα1
11 ω

i1
1 − Bα1

m1i1
ωi1
m1

)Eα1 ∈ V10,>3m[&% (4.19) "K. C<:=;Y~A�|. x (4.19) �=F�53�E 4.3./ 4.1 dimV0 � Mm U�76�℄�=�F�Ch�a:B$d=6 i1, i2, i3, ^/ (4.17), !
∑

a

ma〈B
V0

iaia
, BV0

ibib
〉1 = 0, b = 1, 2, 3. (4.20)4�t (4.6) :hB$��6 a, b, 〈BV0

iaia
, BV0

ibib
〉1 -�7. $-^/ Lagrangev8), B$

a 6= b, !
(BV0

iaia
×BV0

ibib
)2 = 〈BV0

iaia
, BV0

iaia
〉1〈B

V0

ibib
, BV0

ibib
〉1 − 〈BV0

iaia
, BV0

ibib
〉21 = const.T�Lf,^/ (4.17), BV0

i1i1
y~$ BV0

i2i2
1�$1 BV0

i1 i1
, BV0

i2i2
, BV0

i3i3
yhy~,� dimV0 =

1. X�5C.$-$�;Y�a6MR�|:	� 1 dim V0 = 2. 5&�?a, =�;3M[I� α0 q α′

0, '5
BV0

i1i1
= B0

1Eα0 , BV0

iaia
= B0

aEα0 +B0
a
′Eα′

0
, ∀ ia, a = 2, 3, (4.21)��

B0
1B

0
2
′ 6= 0. (4.22)�~ 4.5 B0

1 q B0
2 , B

0
2
′, B0

3 , B
0
3
′ ?-�7.% 3b, (2.17) q (4.21) ℄%

m1B
0
1 +m2B

0
2 +m3B

0
3 = m2B

0
2
′ +m3B

0
3
′ = 0. (4.23)~', ^/ (4.6), (4.20) q (4.21), =D

m1(B
0
1)

2 = m2(λ1 + λ2) +m3(λ1 + λ3) = const,

m2((B
0
2)

2 + (B0
2
′)2) = m1(λ1 + λ2) +m3(λ2 + λ3) = const,

m3((B
0
3)

2 + (B0
3
′)2) = m1(λ1 + λ3) +m2(λ2 + λ3) = const.>�t (4.6) q (4.23) ��:h, B0

1 � B0
2 , B

0
2
′, B0

3 , B
0
3
′ 6-�7.



266 8 � t 9 A � 39 4�~ 4.6 B$����6 Möbius I��� {Eα} ≡ {Eαa
, Eα0 , Eα′

0
}, Möbius IL^|) ωβ

α (α, β = αa, α0, α
′

0) _a
ωβ
α0

= ω
β

α′

0
= ωβb

αa
= 0, a 6= b, β = αa, α0, α

′

0. (4.24)% ^/�E 4.4 q (4.18), (4.21), ℄d5>H$�Ch ω
α′

0
α0 = 0. ,&�,  (4.8) =D,

∑
B

α′

0

i1i1j
ωj = 0. B�t�E 4.5 q (4.21) :h
0 = dB

α′

0

i1i1
−B

α′

0

ji1
ω
j
i1
−B

α′

0

i1j
ω
j
i1
+Bα0

i1i1
ω
α′

0
α0 +Bα1

i1i1
ω
α′

0
α1 = Bα0

i1i1
ω
α′

0
α0 ,~PI�P ω

α′

0
αa

= 0, a = 1, 2, 3, Fx<=� �E 4.4 F�53. �& ω
α′

0
α0 = 0.� Y q N N�- x 6 Möbius XMlNq Möbius QXMlN. �J���Ef<e6lÆ[3, 8−9, 12, 14], ==�T�[lNGn7

c := N + λY + µ0Eα0 + µ′

0Eα′

0
, (4.25)~P6�7 λ, µ0 q µ′

0 -=, 8I� (2.11)–(2.13), 5
dc =

∑

a,ia

(λa + λ− µ0B
0
a − µ′

0B
0
a
′)ωiaYia ,�! B0

1
′ = 0. 4^/ (4.23), !∣∣∣∣∣∣∣∣

1 B0
1 0

1 B0
2 B0

2
′

1 B0
3 B0

3
′

∣∣∣∣∣∣∣∣
= B0

2
′(B0

1−B0
3)+B0

3
′(B0

2−B0
1) =

1

m3
B0

1B
0
2
′(m1+m2+m3) =

m

m3
B0

1B
0
2
′ 6= 0,B$ λ, µ0, µ

′

0, g�L#b 



λ1 + λ− µ0B
0
1 = 0,

λ2 + λ− µ0B
0
2 − µ′

0B
0
2
′ = 0,

λ3 + λ− µ0B
0
3 − µ′

0B
0
3
′ = 0

(4.26)!�a6T�!:




λ = −
m1λ1 +m2λ2 +m3λ3

m
,

µ0 = −
1

mB0
1

(∑
maλa −mλ1

)
,

µ′

0 = −
1

mB0
1B

0
2
′
((m1B

0
1 + (m2 +m3)B

0
2)λ1

+ ((m1 +m3)B
0
1 +m2B

0
2)λ2 +m3(B

0
1 −B0

2)λ3).

(4.27) &=5�a6�E.�~ 4.7 � λ, µ0 q µ′

0 - (4.27) ℄%6�lN, 8�f (4.25) =�6lNGn7 c 5 Mm �-�lN, ��
〈c, c〉 = 2λ+ µ2

0 + µ′

0
2, 〈c, Y 〉 = 1. (4.28)!�a6 3 [℄�|��;Y:℄�| (1): c -C%6; ℄�| (2): c -Cf6; ℄�| (3): c -C>6.



3 } Gzr =w� /Y�gQ7 Blaschke z�^W} 267 $he6℄C-�Z6�&Z [14] P6C℄�L (�Z [14] Ph�6�| 1), ℄d5&\�a6�j6Ch.�Æ 4.1 � x : Mm → S
m+p _aU�=E (=E 1.3)P6�!��. �j dimV0 =

2 � c - (4.25) =�6�lN, laa6�|E�"K
(1) c -C%6. &%, x Möbius 8�$�[0!y~y6	Zq�7N	Z���y6	ZlNLl�! 3 [�J6U	Z6ry~'� x̃ : Mm → S

m+p;

(2) c -Cf6. &%, x Möbius 8�$�[0!y~y6	Zq�7N	Z���y6	ZlNLl�! 3 [�J6U	Z6ry~'� x : Mm → R
m+p 5 σ a6k;

(3) c -C>6. &%, x Möbius 8�$�[0!y~y6	Zq�7N	Z���y6	ZlNLl�! 3 [�J6U	Z6ry~'� x : Mm → H
m+p 5 τ a6k.	� 2 dim V0 = 1.5&�?a, *5I� α0, '5 V0 = REα0 . $-, B$�[I� ia,

BV0

iaia
= B0

aEα0 , a = 1, 2, 3. (4.29)�&
m1B

0
1 +m2B

0
2 +m3B

0
3 = 0, B0

aB
0
b = −(λa + λb), a 6= b, (4.30)B3m[

(B0
a)

2 =
1

ma

((ma′ +ma′′)λa +ma′λa′ +ma′′λa′′), a = 1, 2, 3, (4.31)~P a, a′, a′′ - 1, 2, 3 6�[uM|.%��:,  �E 4.4 =D, B�!6 a q b 6= a, "K
ωαa

α0
= ωαb

αa
≡ 0. (4.32)=�

za = N + λaY −B0
aEα0 , a = 1, 2, 3, (4.33)8^/ (2.11)–(2.13) q (4.32), =5

dza =
∑

i,j

Aijω
jYi + λa

∑

i

ωiYi +B0
a

∑

i,j

Bα0

ij ωjYi

= (2λa + (B0
a)

2)
∑

ia

ωiaYia , a = 1, 2, 3. (4.34)$-, B$ b 6= a, za 5 Mb �-�G6.I� (2.12), (2.13), (4.32) q (4.34), ��Ch�a6�E.�~ 4.8 ℄) Rza, Y∗(TMa), Va0, a = 1, 2, 3, hyB�, �� Möbius I) V �6
Möbius IL^-B5 REα0 q Va0(a = 1, 2, 3) �6fN6Fq. J%,

Rza ⊕ Y∗(TMa)⊕ Va0, a = 1, 2, 35 R
m+p+2
1 PhyB�, ��BdN�5 Ma(a = 1, 2, 3) -�GlN.



268 8 � t 9 A � 39 4℄�| (i): 2λ1 + (B0
1)

2, 2λ2 + (B0
2)

2 q 2λ3 + (B0
3)

2 !�[US.�"���, �� 2λ1 + (B0
1)

2 = 0, 8^/ (4.34), ! dz1 ≡ 0, �F z1 = c 5 Mm �-��lN. %��:, !
〈c, c〉1 = 2λ1 + (B0

1)
2 = 0, 〈c, Y 〉1 = 1.�&, 5Z [14] P6he℄C (�~P�| 1 6℄�| (2)) /t$1�6�|. >-ChP�a6�℄.�Æ 4.2 � x : Mm → S

m+p _aU�=E (=E 1.3)6�!��. �j dimV0 = 1,��*5k[ a, 1 6 a 6 3, '5 2λa + (B0
a)

2 = 0, la x Möbius 8�$
(2) �[0!y~y6	Zq�7N	Z���y6	ZlNLl�! 3 [�J6U	Z6ry~'� x : Mm → R

m+p 5 σ a6k.℄�| (ii): 2λa + (B0
a)

2 6= 0, a = 1, 2, 3.5&℄�|a, I� (4.30) q (4.31) %~F�
?, ��Ch�a6�E.�~ 4.9 B$ a = 1, 2, 3, �7 B0
a _a

∑

a

1

2λa + (B0
a)

2
=

∑

a

B0
a

2λa + (B0
a)

2
= 0,

∑

a

λa

2λa + (B0
a)

2
= 1. (4.35)/ 4.2 X�3 ⊕

a(Y∗(TMa)⊕ Va0) -C>6, ��
〈za, za〉1 = 2λa + (B0

a)
2 6= 0, a = 1, 2, 3. (4.36)�&, *5T�6�[I� a, '5

〈za, za〉1 < 0, �8�:, 2λa + (B0
a)

2 < 0.�"���, =��*5�a6B7 r1, r2, r3:

r21 := −
1

2λ1 + (B0
1)

2
, r2a :=

1

2λa + (B0
a)

2
, a = 2, 3. (4.37)8^/ (4.30)–(4.31) q (4.35), !

r21 = r22 + r23 , m3r
2
2 6= m2r

2
3 , (4.38)B$�[ a, I� Möbius ;H��|) B, ==�

(a)

B =
∑

Bαa

iaja
ωiaωjaEαa

,8 (a)

B -�[5 Ma �=�6 Va0- GB H'|), B0!NN (a)

B
αa

iaja
= Bαa

iaja
.� (a)

B
αa

iaja,ka
- (a)

B e$ Va0 �6#2L^6t276NN, 8fU (4.2), (4.32) q�E 4.8 6L℄, !
(a)

B
αa

iaja,ka
= Bαa

iajaka
. (4.39) $ Bαb

iaja
= 0 (b 6= a), I� Möbius|) C 6n"H�, 4�t (2.18)–(2.19), (2.21),

(4.1)–(4.2) �� (4.39) �=Ch�a6�E.
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(a)) qlN)G6B 9N (a)

B _a0!�	Z
2λa + (B0

a)
2 6>�|)P℄V|6 Gauss L#, Codazzi L#q Ricci L#, �"K

Riajakala =
∑

(
(a)

B
αa

iala

(a)

B
αa

jaka
−

(a)

B
αa

iaka

(a)

B
αa

jala
)

+ (2λa + (B0
a)

2)(δialaδjaka
− δiaka

δjala), (4.40)

(a)

B
αa

iaja,ka
=

(a)

B
αa

iaka,ja
, R⊥

αaβaiaja
=

∑
(
(a)

B
αa

jaka

(a)

B
βa

iaka
−

(a)

B
αa

iaka

(a)

B
βa

jaka
). (4.41) �E 4.10, *5� (1)

B U;H��|)682'�
ỹ ≡ (ỹ0, ỹ1) : (M1, g

(1)) → H
m1+p1

(
−

1

r21

)
⊂ R

m1+p1+1
1 ,��N�� (a)

B (a = 2, 3) U;H��|)682'�
ỹa : (Ma, g

(a)) → S
ma+pa(ra) ⊂ R

ma+pa+1, a = 2, 3.X�3, B$ b 6= a ! Bαb

iaja
≡ 0.  (2.17) =D, ỹ q ỹa, a = 2, 3, ?-�p'�.%��:, �j� S̃a �+ Ma 67N	Z, la (4.37), (4.40) q�p�, =D

S̃1 = −
m1(m1 − 1)

r21
−
∑

(Bα1

i1j1
)2, S̃a =

ma(ma − 1)

r2a
−
∑

(Bαa

iaja
)2, a = 2, 3. (4.42)>:h

S̃1 +
m1(m1 − 1)

r21
= −

∑
(Bα1

i1j1
)2 6 0, (4.43)

S̃a −
ma(ma − 1)

r2a
= −

∑
(Bαa

iaja
)2 6 0, a = 2, 3. (4.44)T�Lf, ^/ (2.17),

∑

a,ia,ja

(Bαa

iaja
)2 =

∑

α,i,j

(Bα
ij)

2 −
∑

a

ma(B
0
a)

2 =
m− 1

m
−
∑

a

ma(B
0
a)

2 = const. (4.45)$-^/ (4.42) q (4.45), 5
S̃1 + S̃2 + S̃3 = −

m1(m1 − 1)

r21
+

m2(m2 − 1)

r22
+

m3(m3 − 1)

r23

−
m− 1

m
+m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2

= const. (4.46) $ S̃a -N�5 Ma �=�6n7,  S̃a 6U Mm �6�7; �� (4.43)–(4.44)=D, B$_aH� µ1 + µ2 + µ3 = 1 6kbB�7 µ1, µ2, µ3, !
S̃1 = −

m1(m1 − 1)

r21
+ µ1

(
m1(B

0
1)

2 +m2(B
0
2)

2 +m3(B
0
3)

2 −
m− 1

m

)
, (4.47)

S̃a =
ma(ma − 1)

r2a
+ µa

(
ma(B

0
1)

2

+m2(B
0
2)

2 +m3(B
0
3)

2 −
m− 1

m

)
, a = 2, 3. (4.48)
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Eα = Eα, m+ 1 6 α 6 m+ p.4F�
?

ω̃β
α = dẽα · ẽβ = 〈dEα, Eβ〉1 =





ωβ
α, B$m+ 1 6 α, β 6 m+ p1,�m+ p1 + 1 6 α, β 6 m+ p1 + p2,�m+ p1 + p2 + 1 6 α, β 6 m+ p;

0, ~A�|.>:h, x q LS(m, p, r, µ) !hJ6 Möbius IL^. �&,  =E 2.2, x �= Möbius 8�$ LS(m, p, r, µ). $-, ℄dChP�a6iG.�Æ 4.3 � x : Mm → S
m+p _aU�=E (�=E 1.3)6�!H�. �j dimV0 =

1 �� 2λa + (B0
a)

2 6= 0, a = 1, 2, 3, la x �= Möbius 8�$
(4) 5J 3.2 P℄%6℄V| LS(m, p, r, µ), ~P6ES�7 m, p, r, µ _a m3r

2
2 6=

m2r
2
3 .s~ 1.3 p%��5���f�f6C℄, $!�a6MR�| (���s℄�|) ��;Y:

(1) dimV0 = 2.

(2) dimV0 = 1, =�NU 2 [℄�|.℄�| (i), 2λa + (B0
a)

2 (a = 1, 2, 3) P!�[US;℄�| (ii), 2λa + (B0
a)
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[6] Hu Zejun, Li Deying. Möbius isoparametric hypersurfaces with three distinct principal

curvatures [J]. Pacific J Math, 2007, 232(2):289–311.

[7] Li Tongzhu, Qing Jie, Wang Changping. Möbius and Laguerre geometry of Dupin
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Abstract As is known, the Blaschke tensor A (a symmetric covariant 2-tensor) is one of

the fundamental Möbius invariants in the Möbius differential geometry of submanifolds in

the unit sphere S
n, and the eigenvalues of A are referred to as the Blaschke eigenvalues.

This paper deals with the submanifolds in S
n with parallel Blaschke tensor which are called

Blaschke parallel submanifolds. The main theorem of this paper is the classification of

Blaschke parallel submanifolds in S
n with exactly three distinct Blaschke eigenvalues.
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curvature, Parallel mean curvature vector
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