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h(p) 4</T, Nl h(p) rhO p H[4gz. U� [7] l, �;�\- Higman 4�b,E#T44GEb?-�=4�4.�� 1.3 d G riMH�4�ÆTvriMH�4�ÆT4H�#[, α r G 4~z p 
`Wy�XP ϕ : G −→ G (g 7−→ [g, α]) r5b, D8 G r</%��d h(p)4</T, Nl h(p) rhO p H[4gz.�L 4 
`Wy�X, Gorenstein j Herstein U� [8] lb?-: ℄bH�T G H:S 4 
4`Wy�X, D8 G r�ÆT. V\7, Kovács U� [9] lT -�=A�.�� 1.4 d G r��H�T, α r G 4 4 
`Wy�X, W G′′ 6 ζG.℄bT G H:SH��4%`℄T., N?w885{x���885{x)��,D8� G 
 minimax T[1]. U��l, �;3�-iMH� minimax �ÆT4 4 
`Wy�X, 30-�=,S:&. �\- Neumann j Kovács 4`y�b.�� 1.1 d G riMH� minimax �ÆT, α r G 4 4 
`Wy�XP ϕ : G −→

G (g 7−→ [g, α]) r5b, W G rl#wT	1 Abel T4#[.�:�7, �iMH� minimax �ÆT4H�#[, �;b?-%}4�b.�� 1.2 d G riMH� minimax �ÆT4H�#[, α r G 4 4 
`Wy�XP ϕ : G −→ G (g 7−→ [g, α]) r5b, W G rl#wT	1 Abel T4#[.℄b α rT G 4 4 
`Wy�X, D8 α2 r G 4 2 
y�X. -r α2 �::r`W4,D8wT CG(α
2)4�XrY74?U��(,�;�4-. GriMH� minimax�ÆTl, wT CG(α
2) 4�X, 30-�=4:&.�� 1.3 d G riMH� minimax �ÆT, α r G 4 4 
`Wy�X, W CG(α

2)r Abel T4H�#[.o�p
, (}o) `Wy�X α 4uÆwT [G, α] = 〈 g−1gα | g ∈ G 〉 rT G 4`℄wT, �3 (}o) `Wy�X α �_T G/[G, α] 4B�, 9rf3[s4��. �L}o`Wy�X, Endimioni j MoravecU� [10] lb?-: ℄b α rBn0tT G 4:S}o`Wy�X, W G/[G, α] rH�T. U� [11] l, �;�\-`y�b, b?-�� 1.5 d G riMH� minimax �ÆT, α r G 4}o`Wy�X, W G/[G, α]rH�T.. αr 4
`Wy�Xl,�;3�-iMH�minimax�ÆTG4_T [G, n−1α
2]/

[G, nα
2] (n ∈ Z

+) 4�X, 30-�=4:&.�� 1.4 d GriMH�minimax�ÆT, αr G4 4
`Wy�X,W [G, n−1α
2]/

[G, nα
2] r Abel T4H�#[, Nl n ∈ Z

+.

2 �� 1.1 
 1.2 �0�(� 2.1 d G rH�T, α r G 4y�X. α r`Wy�X.P�. ϕ : G −→

G (g 7−→ [g, α]) r5b./ �J'. �H�T G, ℄b ϕ : G −→ G (g 7−→ [g, α]) r5b, D8 ϕ r+b. R
x ∈ G, d xα = x, W xϕ = [x, α] = x−1xα = 1. $lÆ, x = 1. Lr α r`Wy�X.
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(g1g

−1
2 )α = gα1 (g

−1
2 )α = g1g

−1
2 .?
 α r`Wy�X,�; g1g

−1
2 = 1, | g1 = g2. 'C ϕ r+b. s=0 G rH�T, ?$ ϕ r5b.(� 2.2 d G r:ST, H r G 4gzH�4�^wT, α r G 4`Wy�XP

ϕ : G −→ G (g 7−→ [g, α]) r5b, W α J/- G/H 4`Wy�X./ ?
 ϕ : G −→ G (g 7−→ [g, α]) r5b, �; ϕ : G/H −→ G/H (gH 7−→ [gH, α])9r5b. G�& 2.1 
, α J/- G/H 4`Wy�X.(� 2.3 d G r:ST, α r G 4 2 
`Wy�XP ϕ : G −→ G (g 7−→ [g, α]) r5b, W G r Abel T./ ?
 ϕ : G −→ G (g 7−→ [g, α]) r5b, �;ZR x ∈ G, (UBS g ∈ G, n3
x = [g, α] = g−1gα. Z

xα = (g−1gα)α = (g−1)αgα
2

= (gα)−1g = x−1.Lr�LZ=4 g1, g2 ∈ G, H
(g−1

1 g−1
2 )α = (g−1

1 g−1
2 )−1 = g2g1j

(g−1
1 g−1

2 )α = (g−1
1 )α(g−1

2 )α = g1g2,?$ g1g2 = g2g1. G r Abel T.�� 1.1 �/� ?
 G riMH� minimax �ÆT, �;ZR 1 6= g ∈ G, (U
g ∈ Ng ⊳G, n3 G/Ng rH�TP

⋂

g

Ng = 1.�Hd |G : Ng| = n, W g ∈ Gn 6 Ng. Lr
⋂

n

Gn
6

⋂

g

Ng = 1.s=0 G/Gn r<gzH�4H�j4T, ?$ G/Gn rH�T. G�& 2.2 
 α J/- G/Gn 4`Wy�X α. ?�7, α 4
z_! 4, ?$℄b α2 = 1, WU��& 2.3�3 G/Gn r Abel T, 'CZR g1, g2 ∈ G/Gn, H [g1, g2] = 1, | [g1, g2] ∈ Gn. �;
[g1, g2] ∈

⋂

n
Gn = 1. ℄|? G r Abel T, �4�V�*. ℄b α4 = 1, GA� 1.4 


(G/Gn)′′ 6 ζ(G/Gn). 'C
[(G/Gn)′′, G/Gn] = 1,|

[G′′Gn, G] 6 Gn,�C
[G′′, G] 6 [G′′Gn, G] 6 Gn,?$

[G′′, G] 6
⋂

n

Gn = 1.



108 { / J � A y 40 ��; G′′ 6 ζG. s=0 G/ζG 6 G/G′′ r1 Abel T, Lr G rl#wT	1 Abel T4#[.�� 1.2 �/� �;
2 G (U:SgzH�4`℄wT N , n3 N riMH� minimax �ÆT. �Hd G/N 4<gzr m, W Gm char G P Gm 6 N riMH�
minimax �ÆT. G� [13, �& 1.44]
 G rH�j4T, Lr G/Gm r<gzH�4H�j4T, 'C G/Gm rH�T. � H = Gm, W G H:SgzH�4�^wT H , n3
H riMH� minimax �ÆT. ZR 1 6= h ∈ H , (U h ∈ Hh ⊳H , n3 H/Hh rH�TP

⋂

h

Hh = 1.d |H : Hh| = n, W Hn char H P Hn 6 Hh. Lr
⋂

n

Hn
6

⋂

h

Hh = 1.K H/Hn r<gzH�4H�j4T, Z H/Hn rH�T. �;
|G : Hn| = |G : H ||H : Hn| < ∞.s=0 Hn char H, H char G, U��& 2.2 
, α J/- G/Hn 4`Wy�X α. <
 α 4
z_! 4, ?$℄b α2 = 1, U��& 2.3 �3 G/Hn r Abel T, 'CZR

g1, g2 ∈ G/Hn, H [g1, g2] = 1, | [g1, g2] ∈ Hn. �C [g1, g2] ∈
⋂

n
Hn = 1. ℄|? G r

Abel T, �4�V�*. ℄b α4 = 1, GA� 1.4 
, (G/Hn)′′ 6 ζ(G/Hn). 'C
[(G/Hn)′′, G/Hn] = 1,|

[G′′Hn, G] 6 Hn,�C
[G′′, G] 6 [G′′Hn, G] 6 Hn,?$

[G′′, G] 6
⋂

n

Hn = 1,�; G′′ 6 ζG. K G/ζG 6 G/G′′ r1 Abel T, Z G rl#wT	1 Abel T4#[.e	AE:& 1.1 j:& 1.2 �;30�=4�4.�� 2.1 d G riMH� minimax �ÆTvriMH� minimax �ÆT4H�#[, g r G 4:S 4
R~P g U G l4l#swr 1. ℄b ϕg : G −→ G (h 7−→ [h, g])r5b, W G rl#wT	1 Abel T4#[.

3 �� 1.3 �0�(� 3.1 d α rT G 4`Wy�X, H r G 4 α-��H�`℄wT, W α J/-
G/H 4`Wy�X α./ �V α J/- G/H 4y�X α. h+b CG/H(α) = 1|�. � C/H = CG/H(α).�3Cb ϕ : C −→ H (g 7−→ g−1gα).ZR g1, g2 ∈ C,℄b g−1

1 gα1 = g−1
2 gα2 ,W (g1g

−1
2 )α =
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g1g
−1
2 , �; g1g

−1
2 ∈ CG(α) = 1. Z g1 = g2. ℄|? ϕ r+b. ?
 H rH�T, �;

C = H . ?$ α r`Wy�X.5 3.1 '�& 3.1 4b?l, �G� , ℄b α rT G 4:S}o`Wy�X, W αJ/4 G/H 4y�X α r}o`W4 (?
 |CG/H(α)| = |C : H | 6 |CG(α)| < ∞).(� 3.2 d G riMH� minimax �ÆT, T r G 4H�`℄wT, W G/T riMH� minimax �ÆT./ GL minimax �ÆT�L_TrK
4, h+b G/T riMH�T|�. ZR
1 6= gT ∈ G/T ,�Z=4 t ∈ T ,H 1 6= gt ∈ G. s=0 GriMH�T, �;(U Ht⊳G,n3 gt ∈ Ht P G/Ht rH�T. � H =

⋂

t∈T

Ht, W
G/H = G

/

⋂

t∈T

Ht 6
∏

t∈T

G/Ht.GL T j G/Ht <rH�T,?$ G/H rH�T. <
 G/HT 9rH�T. ℄b g ∈ HT ,W(UBS h ∈ H ,t ∈ T , n3 g = ht. 'C gt−1 = h ∈ H , ℄�7AL H 4XV. ?$
g ∈ HT . �d gT∈HT/T , C HT/T ⊳G/T P G/T

/

HT/T ≃ G/HT rH�T, �; G/TriMH�T.�� 1.3 �/� d G 4HwT
 T , W T riMH� minimax �ÆT. >5 T rH�T. d T 4/�r r, W T (U�=4T.:

T = T (0) > T (1) > · · · > T (r−1) > T (r) = 1.� r �&^F. . r = 0 v 1 l, ?�7, T riMH� minimax H Abel T, T 5{wTx���, KGLI0tT":�riMH�4, Z T rH�T. . r > 1l, T/T (r−1) 4/�r r − 1, ^F7�d T/T (r−1) rH�T. CiMH� minimax H Abel T T (r−1) rH�T. ?$ T rH�T.� ϕ = α2. >5 CG/T (ϕ) r Abel T4H�#[. ℄b CG/T (ϕ) = 1, �V ϕ r G/T4 2 
`Wy�X, G�& 3.2 j� [11, :& 2] 
 G/T r Abel T4H�#[. �C
CG/T (ϕ) 9r Abel T4H�#[. ℄b CG/T (ϕ) 6= 1, s=0 α O ϕ r��u4, Lr
CG/T (ϕ)r α-��4, �C α r CG/T (ϕ) 4 1
v 2
y�X. GL T rH�T, G�&
3.1 
 α J/- G/T 4`Wy�X, | CG/T (α) = 1. 'C CCG/T (ϕ)(α) 6 CG/T (α) = 1.?$ α J/- CG/T (ϕ) 4`Wy�X. VC CG/T (ϕ) 6= 1, �; α r CG/T (ϕ) 4 2 
`Wy�X. G�& 3.2 j� [11, :& 2] 
 CG/T (ϕ) r Abel T4H�#[.s=0 CG(ϕ)/CG(ϕ) ∩ T ≃ CG(ϕ)T/T 6 CG/T (ϕ), Lr CG(ϕ)/CG(ϕ) ∩ T r AbelT4H�#[.�b CG(ϕ) r Abel T4H�#[.?
 CG(ϕ) riMH� minimax �ÆT, �;ZR 1 6= x ∈ CG(ϕ)∩T , (U x ∈ Hx ⊳CG(ϕ), n3 CG(ϕ)/Hx rH�T. d H

/

CG(ϕ)∩Tr CG(ϕ)
/

CG(ϕ) ∩ T 4gzH�4`℄ Abel wT, W |CG(ϕ) : H | < ∞. 'C
CG(ϕ)

/

(

⋂

x

Hx

)

∩H 6
∏

x

CG(ϕ)/Hx × CG(ϕ)/HrH�T. K (
⋂

x
Hx

)

∩H ∩ (CG(ϕ) ∩ T ) = 1, ?$
(

⋂

x

Hx

)

∩H =
(

⋂

x

Hx

)

∩H
/

(

⋂

x

Hx

)

∩H ∩ (CG(ϕ) ∩ T )
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≃

((

⋂

x

Hx

)

∩H
)

· (CG(ϕ) ∩ T )
/

CG(ϕ) ∩ T

6 H
/

CG(ϕ) ∩ Tr Abel T. Lr (
⋂

x
Hx

)

∩ H r CG(ϕ) 4gzH�4`℄ Abel wT, ?$ CG(α
2) r

Abel T4H�#[.G:& 1.3 �;30�=4�4.�� 3.1 d G riMH� minimax �ÆT, g r G 4:S 4 
R~P g U G l4l#swr 1, W CG(g
2) r Abel T4H�#[.

4 �� 1.4 �0�(� 4.1 d G riMH� minimax �ÆT, α r G 4y�X, H r G 4 α-��4H�`℄wT. ℄b CG(α) r Abel T4H�#[, D8 CG/H(α) r Abel T4H�#[./ � C/H = CG/H(α). �3Cb ϕ : C −→ H (g 7−→ g−1gα). :G=, �LZ=4
x ∈ CG(α), H

(xg)ϕ = (xg)−1(xg)α = g−1x−1xαgα = g−1gα.℄|?Kz CG(α)g l4�HR~<H��4� g−1gα. 0:G=, ℄b g−1
1 gα1 = g−1

2 gα2 ,W
(g1g

−1
2 )α = g1g

−1
2 ,'C g1g

−1
2 ∈ CG(α). �; CG(α)g1 = CG(α)g2. ?$ |C : CG(α)| 6 |H | < ∞.�k:�',�;�d Ar CG(α)4gzH�4�^ AbelwT. s=0 C/A

/

CG(α)/

A ≃ C/CG(α) { CG(α)/A rH�T, Lr C/A rH�T. KGL C/AH r C/A 4_T,Z
CG/H(α)

/

AH/H = C/H
/

AH/H ≃ C/AHrH�T. K?
 AH/H ≃ A/A ∩H r Abel T, �; CG/H(α) r Abel T4H�#[.(� 4.2 d α r Abel T A 4 2 
y�X, W�LZ=4 x ∈ A, x2 �;�o

x2 = ay−1yα, Nl a ∈ CA(α) P y ∈ A./ ZR x ∈ A, � a = xxα. \<6b a ∈ CA(α). �V, x−1xα = x−2a ∈ [A, α], �
u = x−2a, W x2 = au−1, Nl a ∈ CA(α) j u−1 ∈ [A, α]. ?
 A r Abel T, �; u−1 �; 
 y−1yα. ?$ x2 = ay−1yα, Nl a ∈ CA(α) P y ∈ A.(� 4.3 d G riMH� minimax �ÆT, α r G 4 2 
y�X, A r G 4 α-��4�H Abel wT. ℄b CG(α) r Abel T4H�#[, D8 CG/A(α) r Abel T4H�#[./ � A0 = A2. �V α J/- G/A0 `4y�X α0. ZR x ∈ G, n3 xA0 ∈

CG/A0
(α0), W xα = xh, Nl h ∈ A0. G�& 4.2 
, h = ay−1yα, Nl a ∈ CA(α) P

y ∈ A. ?$ xα = xay−1yα. s=0 xα2

= xa2y−1yα
2

, Lr a2 = 1. ?
 A r�HT,�; a = 1. 'C xα = xy−1yα, �C (xy−1)α = xy−1. ?$ v = xy−1 ∈ CG(α), �;
x = vy ∈ CG(α)A. ℄9�r|

CG/A0
(α0) 6 CG(α)A/A0 = CG(α)A0/A0 · A/A0.



1 M .�� 2ma jNI� Minimax  �U5 4 �aXz	Y 111� B = CG(α)∩A0, W CG(α)/B ≃ CG(α)A0/A0. d A1 r CG(α) 4gzH�4�^ AbelT, W CG(α)/A1 rH�T. K CG(α)/A1B r CG(α)/A1 4_T, Z
CG(α)/B

/

A1/A1 ∩B ≃ CG(α)/B
/

A1B/B ≃ CG(α)/A1BrH�T, �C CG(α)/B r Abel T4H�#[. �G� CG/A0
(α0) r Abel T4H�#[. s=0 α0 J/- G/A 4y�X α ;{ A/A0 rH�T, G�& 4.1 �
 CG/A(α)r Abel T4H�#[.(� 4.4 d αrT G4y�X. ℄b [G, nα]rH�T,D8 [G, n−1α]/C[G, n−1α](α)rH�T./ d [G, nα] 4
zr n. �;�3 [G, n−1α] 4 n+ 1 SR~ g1, g2, · · · , gn+1. U

g−1
1 gα1 , g−1

2 gα2 , · · · , g−1
n+1g

α
n+1liaH,SR~r��4. ℄b g−1

i gαi = g−1
j gαj (i, j ∈ {1, 2, · · · , n + 1}, i 6= j), W

(gig
−1
j )α = gig

−1
j , 'C gig

−1
j ∈ C[G, n−1α](α). ?$ |[G, n−1α] : C[G, n−1α](α)| 6 n.(� 4.5 d G riMH� minimax �ÆT, α r G 4 2 
y�X. ℄b CG(α) r

Abel T4H�#[, D8 [G, n−1α]/[G, nα] r Abel T4H�#[./ qm`,iMH� minimax�ÆT GrH�j4.�;� G4 0-j r0(G)�&^F. . r0(G) = 0 l, �V�4�*. . r0(G) > 0 l, ℄b [G, nα] rH�T, U��& 4.4
, [G, n−1α]/C[G, n−1α](α) rH�T, �C [G, n−1α]/C[G, n−1α](α)[G, nα] rH�T. ?
 C[G, n−1α](α) 6 CG(α) r Abel T4H�#[, �; [G, n−1α]/[G, nα] r Abel T4H�#[.℄b [G, nα]r��T, G� [11,�& 2]30 [G, nα]�f:SILF4�H�^
AbelwT A. G�& 4.3
 CG/A(α)r AbelT4H�#[.s=0 r0(G/A) < r0(G),G^F�d�3 [G/A, n−1α]

/

[G/A, nα] r Abel T4H�#[. ?
 [G/A, nα] = [G, nα]/Aj [G, n−1α]/A
/

[G, nα]/A ≃ [G, n−1α]/[G, nα], �; [G, n−1α]/[G, nα] r Abel T4H�#[.�� 1.4 �/� � ϕ = α2. G:& 1.3 
2 CG(ϕ) r Abel T4H�#[. G�&
4.5 �;*!30�;4�b.e	AE:& 1.4, �;�;30�=4�4.�� 4.1 d G riMH� minimax �ÆT, g r G 4:S 4 
R~P g U G l4l#swr 1, W [G, n−1 g2]/[G, ng

2] r Abel T4H�#[, Nl n ∈ Z
+.2% O!fQX� 4�_4(M=�.~ � Æ �  � "
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Abstract Let G be a residually finite minimax soluble group, and let α be a regular

automorphism of order four of G. Then

(1) If the map ϕ : G −→ G defined by gϕ = [g, α] is surjective, then G is centre-by-

metabelian.

(2) Both CG(α
2) and [G, n−1α

2]/[G, nα
2] (where n ∈ Z

+) are abelian-by-finite.
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