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Stability of Rarefaction Wave to the 1-D Piston Problem
for the Pressure-Gradient Equations™
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Abstract The 1-D piston problem for the pressure gradient equations arising from the
flux-splitting of the compressible Euler equations is considered. When the total variations
of the initial data and the velocity of the piston are both sufficiently small, the author
establishes the global existence of entropy solutions including a strong rarefaction wave
without restriction on the strength by employing a modified wave front tracking method.
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1 Introduction

The piston problem is a special initial-boundary value problem in fluid dynamics which can
be described as follows (see [8, 16]). In a thin long tube closed at one end by a piston and
open at the other end, any motion of the piston causes the corresponding motion of the gas in
the tube. More precisely, if the piston is pulled backward relatively to the gas, a rarefaction
wave occurs and moves forward faster than the piston. Otherwise, a shock wave appears. In
reality, there also exist many multidimensional piston models, for example, the surface of an
inflatable balloon behaves as a spherically symmetric piston. The gas outside is compressed by
the expansion of the balloon, then a shock appears. When the location of the piston initially
degenerate into a single point, this phenomenon is related to explosive waves in physics. There
are many literatures on the existence and stability of shock front solutions for the classical
fluid. For one dimensional case, the global existence of strong shock front solutions to the 1-D
piston problem for the compressible isentropic Euler equations was established by Wang [14] in
BV space. For multidimensional case, the local existence of shock front solution to the axially
symmetrical piston problem for the full Euler systems was considered in [13]. The authors
in [6-7] considered the multidimensional axially symmetric piston problem and obtained the
global existence and stability of weak and strong shock solutions, respectively, for the isentropic
compressible Euler systems in BV space. When the function of piston boundary is smooth,
Chen [5] studied the piecewise smooth solutions for the multidimensional piston problem and
also established the global existence and stability of the shock front solutions for unsteady
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potential equations by partial hodograph transformation and nonlinear alternating iteration
techniques. Under the framework of L space, the global entropy solution for the spherically
symmetric piston problem to Euler equations was constructed by the shock capturing approach
in [4].

Corresponding to the physical phenomenon when the piston is pulled back relatively to the
gas, Ding-Kuang-Zhang [9] proved the stability of strong rarefaction wave to this problem for
the full Euler equations from the mathematical point of view. In this paper, we are concerned
with the 1-D piston problem for pressure gradient equations. Our motivation is to establish
the stability of the strong rarefaction wave under the small perturbations of both the piston
velocity and the initial data. Comparing with the results involving strong shock waves, one
of the main difficulties is to capture and control the location of the strong rarefaction wave as
well as its strength when weak waves interact with strong rarefaction waves by Glimm scheme.
To overcome these obstacles, we employ the wave front tracking algorithm to construct the
approximate solutions. Developing from [15], we impose some weights on weak waves interacting
with strong rarefaction waves to measure the change of its strength after the interactions, and
prove the monotonously decreasing of the Glimm functional. Different from [9], due to lack of
the velocity in the eigenvalues of the pressure-gradient equations, we give some more restrictions
on the velocity of the piston to make 1-waves interact with the piston boundary possibly.

The pressure gradient equations of the compressible Euler system can be described by (see
(1, 11))

815[) = 0,

O(pu) + 0zp =0, (1.1)

Oy (p(e + %UQ)) + 0x(pu) =0,

where p, p and u represent the density, the pressure and the speed of the fluid, respectively,
and e is the internal energy. For the polytropic gas, the constitutive relations are given by

b

p=rpexp(S/c,), e=——"—"—,
(57e) (v="1)p

where S stands for the entropy.

System (1.1) comes from the flux-splitting method in numerical analysis on the Euler system:

Op + Oz (pu) = 0,
By (pu) + 0z (pu® +p) = 0, (1.2)

1 1
(o5 +e)) + 0u(u(gee + petp)) =0
by separating the pressure from the inertia in the flux (see [1, 11]). The pressure gradient
equations are still valid whenever the inertial effect is small compared to the pressure-gradient
effect of the flow as to be negligible. Thus, the pressure-gradient equations (1.1) have their
own physical meaning. Derived from the first equation of (1.1), p is independent of time. For
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simplicity, assume that p = 1. Then system (1.1) can be written as

Owu+ Oxp =0,

1 1.3
O¢p + pOyu = 0. (13)
v—1

Through the following transformation

p=(y—1p,
1 ~
t=——1,
v—1
system (1.3) can be rewritten by
o Ozp =0,
1t + Onp (1.4)
atp + pawu = 07
where ¢ and p are still denoted as t and p provided no confusion occurs.
The eigenvalues of system (1.4) are
M= —VD, da= D (1.5)
The corresponding right eigenvectors are
=20, -yB)T, e =21, yB)". (1.6)
System (1.4) can be written in the general form of conservation law:
IW(U) +0,HU) =0, U= (u,p)T, (1.7)

where

wW({U) = (” p+ %”2)T’ H(U) = (p, pu)™.

The entropy-entropy flux pair of system (1.7) is a pair of O functions satisfying
Vwn(W(U))VuH(U) = Vuq(W(U)).

Suppose that the initial gas satisfies u(z,0) = ug(z), p(z,0) = po(x), and the piston moves
with a speed depending only on time ¢. Let the movement curve of the piston be x = b(t)
with the speed 0'(t). We study the state of the gas in domain Q = {(x,t) : * > b(t), t > 0}
with T' = {(z,¢) : = b(¢t), t > 0} (see Figure 1). Then the initial-boundary conditions for the
piston problem can be described as

{(u,pxx,m = (uo(2), po(z)),

u="0(t) onz=D>bt). (1.8)

When the initial data is constant, and the function of piston boundary is convex, denoted
by = = b.(t) (see Figure 2), the corresponding initial boundary conditions can be reduced to
the following:

(u,p)(x,0) = (0,p),

u="0(t), onx="0b(t),

(1.9)
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x=b(l)

Figure 1 Definition domain.

/ 0, p)"

x=10b(1)

Figure 2 Background solution.

where b’ (t) € (us, 0), us is the critical speed of the piston given by (2.10).

In this paper, we mainly consider the initial data and the piston boundary satisfying the
following assumptions:

(H;) The initial data Uy = (uo(x), po(x))T is a small perturbation of U = (0,p)7, i.e.,

||U0 - UHoo + TVU()() < 1.

(H2) The boundary of the piston & = b(¢) is Lipschitz continuous, and a small perturbation
of the boundary = = b.(t). Moreover,

b(0) =0, b, (t) € BV(RT;R),

where
b, () = lim 20 =00

T+ T—1
In the following, we will give the definition of the entropy solutions of problem (1.7) and
(1.8).
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Definition 1.1 A bounded measurable function U(x,t) is an entropy solution of problem
(1.7) and (1.8), if

(i)

—+oo
/ (W(U)gr + H(U)py)dadt + / (HU) = WOW0)pdS + [ W(U)(,0)p(z,0)de = 0
Q r 0

holds for any ¢(x,t) € C2(Q);

(ii) The Laz entropy inequality holds in the sense of distributions:

On(U) + 9q(U) <0 in D'(?)
for any C? convex entropy-entropy flux pair (n(U),q(U)).
The main result of this paper is given in the following theorem.

Theorem 1.1 Under the assumptions of (H1) and (Hz), there exist positive constants €, oy
and My such that, if

100 = Ulloo + TV Ao (-, [0,00))} + [V (0) = b1 (0)| + TVA(P —bLy)()} <&, (1.10)

then, there exists a global existence of entropy solution U(x,t) to problem (1.7) and (1.8), in-
cluding a strong 2-rarefaction wave, which is a small perturbation of the corresponding solutions
to problem (1.7) and (1.9). In addition, ¥t > 0, it satisfies

U(z,t) € BV(Q)N DU, ), (1.11)
and
TVAU(-,t) : [b(t), +00)} < Mo, (1.12)

where D(U, &) is defined by (2.12) in §2, and My is a constant depending on the initial data,
the background solution and TV .{b'(-)}.

Remark 1.1 The background solution here means the solution with constant initial data
and convex piston boundary, which will be further discussed in §2.

This paper is organized as follows. In §2, we first present some basic properties of elemen-
tary waves (shock and rarefaction waves). Then, we find the background solution and give
the solvability of the Riemann piston problem for system (1.7). In §3, we construct approx-
imate solutions by a modified wave front tracking method. In §4, we first consider the local
interaction estimates of perturbation waves and their reflections on the piston and the strong
rarefaction wave. Next, we construct the Glimm functional and prove its monotonicity. Then,
the compactness and the convergence of the approximate solution follow.

2 Background Solution

In this section, we will establish the solvability to problem (1.7) and (1.9) when the initial
data is constant, denoted by (0,D), and the piston boundary is convex, denoted by = = b.(t).
First of all, we consider the Riemann problem of (1.7) with initial data
UL7 T < o,

2.1
UR; T > o, ( )

Uli=ty == (u;p)]t=t, = {
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where Uy, = (ur,pr) and Ug = (ugr,pr) represent the left and right constant states, respec-
tively. The solvability of the Riemann problem can be found in [10, 12] when U — Ug| is
sufficiently small.

For any given left (right) state U; (U,), the shock (inverse shock) curve is the set of all
possible states U which can be connected to U; (U,.) on the right (left) by 1-or 2-shock wave,
and denoted by S or Sz (ST Lor Sy 1), respectively. Similarly, we denote by Ry and Ry ( Ry 1
and Ry ') the 1- and 2-rarefaction (inverse rarefaction) wave curves. For our use, we express
Ry and Ry ! explicitly as

Rl_l(Ur) cu—up = —2(y/p—+/Dr), P> Dr, (2.2)
Ry (Uy) tu—ur =2(yP—Pr)s  P<pr (2.3)

The Rankine-Hugoniot conditions of (1.7) satisfy that

D —Dr = Si(u - ur)v

U — pru —s-( +1u2— —1u2) 24
p Prur = Si| P B br oUr )
where s; denotes the velocity of the i-shock, ¢ = 1,2. We eliminate s; to have
1
(p - pr)Q = E(p + pr)(u - ur)Q'
Therefore, we parameterize the inverse shock curves through U, by
2
STHUY) s u—up = — —pr), US> Up, p<Pr, 2.5
1 (Ur) p+pr(p pr) p<p (2.5)
2
SSYU tu— = — —Pr), US> Up, P> Pr. 2.6
> (Ur) p+pr(p pr) p>p (2.6)
In addition, the Lax entropy conditions across the shock are
/\1(UT) < s < )\Q(UT), S1 < /\1(Ul), (27)
/\1(Ul) < 82 < /\Q(Ul), So > /\Q(UT) (28)

In the following, we give the background solution to problem (1.7) and (1.9). Let {t}}7°,
be a sequence of points with t§ = 0 < ¢; <t;,, for any k¥ > 1, and lim ¢} = +oco. Suppose

k—+o00
that
bia(t) = bi(ty) +tan by (t — 1), th <t <t (2.9)
where 0 > 0} > 05| > arctanu, + J for some § > 0, and
2
w, =inf{u:u=2y5- 25, 0>u>—§\/§}. (2.10)

When b(t) = bia(t), the solution of problem (1.7) and (1.9) is given by a constant state
(Usks D«k) Which is connected to the initial state (0,D) by 2-rarefaction wave fans issuing from
the corner point (b.(t%),t;), k > 0 (see Figure 3). Meanwhile, the state Uiy = (Usk, Psk)

satisfies

Usk, = 2/Pok — 2/D,  Usk > —/Dok- (2.11)

Therefore, we can conclude this result as follows.
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Figure 3 The piston boundary is piecewise linear.

Theorem 2.1 Suppose that b, 5 (t) € (us,0) and b, A (t) is decreasing. If TV. b, A () < 400,
then there exists a unique solution Uy (z,t) of problem (1.7) and (1.9), which are connected to
the initial state (0,P) by the 2-rarefaction wave fans, satisfying (2.11).

As a corollary, we can prove the similar result for more general boundary x = b.(t) as
Theorem 2.1.

Corollary 2.1 Suppose that b, (t) € (u«,0) and b,(t) is monotonously decreasing. If
TV. b.(-) < 400, then there exists a unique solution U.(x,t) of problem (1.7) and (1.9) in
the region {U : u > u.} that are connected to the initial state (0,D) by strong 2-rarefaction wave

fans for one dimensional piston problem with convex piston boundary x = b (t).

When the function x = b(t) is a small perturbation of b.(t), some elementary waves will be
produced. We introduce the perturbation domain D(U, &) defined as follows:

D(U,60) = {U : |u—2p+ 2P| <, 00 >u>u.+d)} (2.12)

for some g > 0.

Hereinafter, we denote by «;, 8;,7; the parameters of the corresponding i-waves, i = 1,2,
while by their absolute values the corresponding strengths of the waves. We also use the
parameters to represent the i-waves provided no confusion occurs. We introduce the notation
U (U,; a1, ae) to represent the left state U; and the right state U, can be connected by 1-wave
a1 and 2-wave ay when |U; — U,| < 1. From [12], we have

ov
T%(UT; ats 0[2)‘0&:&2:0 -

—r(U,), i=1,2, (2.13)

where r; represents the right eigenvector of the system (1.1). In addition, c;; > 0 along R; (U,.),
while o; < 0 along S; (U,.). We can also use the notation

O(Up; 01, a2) = Uy,

and let (U, U,) denote the nonlinear waves to solve the Riemann problem with the left state
U; and the right state U,..
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Remark 2.1 For any given state U € D(U, ), we can parameterize the 2-inverse rarefac-
tion wave curve R, *(U) by solving

L(Z;O’”) = 1 (U(U;0,0)), (2.14)
W (U;0,0) = U. (2.15)

3 Construction of the Approximate Solutions

In this section, we use the (piston) Riemann problem as building blocks to construct app-
roximate solutions of problem (1.7) and (1.8) by a modified wave front tracking scheme.

3.1 Riemann problem

As mentioned in §2, the solution to the Riemann problem (2.1) is given by at most three
constant states connected by shocks, or rarefaction waves. Exactly speaking, there exist C?
curves: a; — ®,(a;,U), j = 1,2, such that

O(Up; a1, ) := Pa(ag, P1(aq,Ur)) = Ug, (3.1)

where |Up, — Ug| < 1.
By the wave front tracking method, we adopt two types of the Riemann solver to Riemann
problem (2.1).

Case 1 Accurate Riemann solver.
The accurate Riemann solver is as mentioned in §2, except that we replace every rarefaction
wave R;, i = 1,2, by dividing into v equal parts.

Suppose that the left state Uz, and the middle state Uy, are connected by 1-rarefaction wave
oq. If a1 > 0, then let Upo = Uy, Uy, = Uy, for any 1 < k <v,

1
Uo i = ®1 (;al, Uo,k—l), x1,k = xo + (t — to) A1 (Uo,k)-
Therefore, we can replace 1-rarefaction wave by

Ur, T < Ty,
UZ = U07k;, T1k <x < L1, k+1, (3.2)
Umv, 1 <x<x0+ (t—1to)A],

where A\ € (max A1, min \g).

Similarly, we can approximate 2-rarefaction wave by v 2-rarefaction fronts in the domain
{(z,t) 2 > x0+ At —10)}, As € (Max Ay, min \p).

Case 2 Simplified Riemann solver.

Let (strictly larger than all the characteristic speeds of system (1.7)) be the speed of
non-physical waves, which are introduced so that the number of the wave fronts is finite for all
t > 0. The strength of the non-physical waves is the error due to the simplified Riemann solver.
It occurs in the following two cases:
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Subcase 1 A j-wave f; and an i-wave q; interact at (xo,%0), 1 <7 < j < 2. Suppose that
Ur, Uy, and Ug are three constant states, satisfying

UM:q)j(ﬁj,UL), UR:(I%‘(O(Z',UM). (33)
We define an auxiliary right state
, {(I)J(ﬁjaq)z(alaUL))? j>7’7

- (3.4)
(e + B5,UL), j=1i.

=
Then the simplified Riemann solver Ug(UL,Ug) at (xq,to) of problem (1.7) and (2.1) can be
given by

UL (UL, Up), @ —zo < A(t — to),

- (3.5)
UR, 1‘—{E0>/\(t—t0),

Us(Ur,Ugr) = {

where U4 (UL, Up,) is constructed by the accurate Riemann solver in Case 1. The non-physical
wave is defined by

U, z-—=x <At —t ,
uw:{ R 0 <At —to) (3.6)

Ur, x—x9> B\\(t—to)
and the strength of the non-physical wave is [Ur — Uy

Subcase 2 A non-physical wave interacts with a weak i-wave front «; (i = 1,2) from the
right at (xo,to). Suppose that the three states Uy, Ups, and Ug, satisfy

|UM—UL|=€, URZ‘I)i(ai,UM).

Then, the simplified Riemann solver Ug(Uy,Ug) of problem (1.7) and (2.1) is

Ur, T — X </\i(UL)(t—t0),
Us(Ur,Ur) = { ®i(ci, UL), MN(UL)(E—to) <z — 20 < ANt —t0),
Ug, x—x0>X(t—to).

3.2 Piston Riemann problem

Let h = At be a length in t. Choose a series of points { Ay}, where Ay = (b(kAt), kAt),
and connect Ay with Agii1. In the sequel, the points Ay, k& > 0, are called corner points.
We introduce the notations tp = kAt, by = b(kAt). The movement curve of the piston is
approximated by a piecewise linear function denoted as

bry1 — bk(

x=0ba(t) =by + t—tg), tp<t<tgs1, k=0,1,---.

te+1 — tk

In addition, denote by 65 the angle between the straight line x = by + b’”&it_b’“(t — tx) and

t-axis and by wy the angle between the straight lines x = by + tan 8y (t — t;) and z = bp_1 +

bry1—bp
At

tan @1 (t — tx—1), where 0 = arctan . Then we have w, = 0, — 0,,_1. Let

Qa = {(x,t) : x> ba(t), t >0}, Ta={(x,t):2=>ba(t), t >0},
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and

Qakp = {(z,t) 12 >ba(t), kh <t < (k+1)h},

Tar={(z,t): x=ba(t), kh <t < (k+1)h}.

We will define the approximate solutions near the piston boundary in {t; <t < tx4+1}NQA
in two cases.

3.2.1 Reflection on the approximate piston boundary

Assume that 1-wave «y hits the boundary at the non-corner point. Suppose that Uy and U,
denote the left and right states of ay, respectively. Since the velocity of the flow close to the
boundary has the same speed with that of the piston, the reflection wave is 2-wave, denoted by
Ba2. Let the left and right states of 82 be Ugy1 and Uy, respectively (see Figure 4). Then we
have (Ug, Up) = (@1,0), (Uk+1,Us) = (0, B2). Consider the piston problem as

OW(U)+ 0, H(U)=0 in Qa,

Ult=kat = Up, (3.7)
u|w:b(t) = tan 6 on I'a k.
B
Uk 1
U,
U “

Figure 4 Reflection on the approximate piston boundary.

Lemma 3.1 Assume that Uy and U, are given as above, and Uy, U, € O.(Uy), where
O, stands for a small neighborhood. Then problem (3.7) has a unique solution (B2,Ug+1).
Moreover,

B2 = Ky, a1,
where Ky, = Ky, (Uy, 1) is negative. Moreover, Ky, |a,—0 = —1.

Proof It is easy to obtain that

Uy (Uy; a1,0) = Wy (Uy; 0, B2) = up. (3.8)
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Differentiate the equality (3.8) with respect to 2, and let S = 0. Then we have

Vs

852 B2=0
By the implicit function theorem, near the point o = 0, there exists a function f € C' such
that

= —T‘gg(Ub) = —2\/p_b < 0.

ﬁg = f(Oél). (39)
Differentiating (3.8) with respect to oy, we have

0Vy 0By  0Vs

— = - —==0. 3.10
862 3(11 80&1 ( )
Let a; = 0, then
0
—TQQ(UZ,)% A 1a(Up) = 0,
1=
Hence
9| _ 4
60{1 a1=0 '

From the Taylor’s expansion, we have

B2 = f(a1) — f(0) + f(0) = K, 01,

where f(0) =0 and Kp, |o,=0 = —1.
From (3.10), we can easily obtain that K3, is bounded. Therefore, we complete the proof
of this lemma.

This lemma illustrates that 1-weak wave has changed into 2-weak wave while hitting the
boundary by changing its type.
3.2.2 New waves issuing from the corner points

Suppose that U, and Ujgy; denote the states close to the piston boundary x = byp_1 +
tanf_1(t —tr—1) and & = by +tan 0 (t —t) (see Figure 5), respectively, where wy = 0 — 1.
Consider the following initial-boundary value problem

OW(U)+0,HU)=0 inQa g,
Uli=kat = Uk, (3.11)
u|w:bA(t) = tan on FA,k-

Lemma 3.2 When |wy| < 1 and Uy € Oc(Usk), problem (3.11) has a unique solution
(B2, Uk+1). Moreover,
B2 = Ky,w,

where Kp, < 0 is bounded, depending only on the background solution.
Proof From the definition of ¥, we have
Vo (Ugk; 0, B2) = uk+1, (3.12)

arctan ugy1 — arctan uy = wg. (3.13)
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Uk+1

Figure 5 New wave issuing from the corner points.

It is easy to verify the condition of the implicit function theorem near the point w; = 0.
There exists a function g € C! such that By = g(wy). From Taylor’s expansion,

B2 = g(wr) — 9(0) + g(0) = Kpywr,
where g(0) = 0.

Differentiating (3.13) with respect to wg, and letting wy = 0, we have

1 09,98,

- —-1=0, 3.14
1+ uzﬂ 0Bs Owy, ( )
therefore
% __1—i—u2 __1—i—u2 <0
Owp lwg=0  19o(U) lU=t, 2,/p lv=Us

Therefore, from (3.14), we can obtain that K3, is bounded.

Hence, we finish the proof of the lemma.
k—1

Lemma 3.3 Suppose that 0,—1y = Y. |w;| and assume that (,_1) < —arctanu., and
=0

Ok—1) + arctanu. < wg < 0. Then problem (3.11) has a unique solution Ugy1, connected to
the right state Uy by a rarefaction wave issuing from the corner point (by,kAt). Moreover,

52 = O(l)wk.
Proof Differentiating (3.12) with respect to 3, it yields that

oV,

—_— = —T22(Uk+1) = _2\/pk+1 < 0.
9B2

We rewritten (3.13) as

Lo
- \I/ .
62/0 (aa arctan Wo(Uy; 0, @)

)dt = Wg.

a=pfst

Hence, 0 < B3 < M|wg|. From the parametrization (2.14) of the rarefaction wave, we can easily
obtain that O(1) is bounded, depending only on the background solution and TV.{b'(-)}.
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3.3 Approximate solutions
For any v € N such that

sup Ky, sup(| Ky, [|wr|) M sup |wy|
U U,k

<1l —<1, k7<<1,
1% 14 1%

we can construct a v-approximate solution U”(z,t) by induction in the region Qa as follows.

Step 1 For k = 1, U""(x,t) on Qa N {0 < t < At} can be constructed by accurate
Riemann solver to solve a series of Riemann (piston) problem, which can be carried out as
shown in §3.1-83.2. Approximate rarefaction wave or shock front is generated from the corner
point Ag.

Step 2 By induction, we assume that v, h-approximate solution U""" has been constructed
for t < 7, for some 7 > 0, and assume that U ”>h|t<7 consists of a finite number of wave fronts
and some of them interact at ¢ = 7 at the first time. As shown in §3.1-§3.2, we solve the
Riemann problem when two wave fronts interact, or the Riemann piston problem when a wave
front hits the boundary or a new wave issues from a corner point. Assume that each front has
been assigned a generation order in the following way.

(A) A wave front of order n hits the boundary at non-corner point (ba(7), 7). We solve the
generated initial-boundary problem by the accurate Riemann solver as shown in Lemma 3.1,
and the generation order of the outgoing 2-wave from the point (ba(7),7) isn+1. Iif n = v,
then the generation order of the outgoing wave is set to be v + 1.

(B) All the wave fronts issuing from the corner points can be constructed according to
Lemmas 3.2-3.3, and have order 1.

(C) An i-wave front a; of order n interacts with a j-wave front 3; of order ny at the point
(o, 7). We adopt the the following wave front algorithm:

(1) When ny,ne < v, we adopt the accurate Riemann solver to construct the outgoing wave
front, and assign the generation order of the I-wave by

max(ni,ne) + 1, if I #14,7,

min(ng, ng), ifl=i=y, (3.15)
n, ifl=1i#jy, '
na, ifl =3 #1.

(2) When max(nq, ne) = v, we adopt the simplified Riemann solver to construct the outgoing
wave front at the interacting point (xg,7). We introduce the generation order of the i-wave
front according to (3.15), ¢ = 1,2, and the generation order of the non-physical wave front is
v+ 1.

(3) When n; = v+ 1 and ny < v, a; is non-physical wave front, we adopt the simplified
Riemann solver to construct the outgoing wave front from (zg, 7). The generation order of the
outgoing non-physical wave front is v + 1, while the generation order of the physical wave front
is the same as that of the incoming wave ;.

The wave front tracking algorithm to construct the approximate solutions is given by the
following:

Case 1 There are no more than two wave fronts interacting at the point (xg, 7) by changing
the speed of a single wave front by a quantity O(1)27%. Ounly one wave front hits I'a at the
non-corner point and no front hits the corner point.
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Case 2 If two wave fronts o and S interact at (xg,7), then the Riemann problem at the
interacting point is solved in two ways:

(1) If |aB| > g and the two wave fronts are physical, where p,, is a fixed small parameter
with p, — 0 as v — 400, then we adopt the accurate Riemann solver.

(2) If |aB| < g and the two wave front are physical, or one of them is non-physical wave,
then we adopt the simplified Riemann solver.

Case 3 The physical wave hits the boundary, or a new wave front issues from the corner
point of the piston. We adopt the accurate Riemann solver.

4 Monotonicity of the Glimm Functional

In this section, we construct the Glimm functional and prove its monotonicity based on
the local interaction estimates. The total variation of the approximate solutions is equivalent
to the Glimm functional, which leads to the bounds on the total variation of the approximate
solutions. First of all, we give the definition of the strong 2-rarefaction wave.

Definition 4.1 (Strong 2-Rarefaction Wave Front) A wave front s is called a front of the
strong rarefaction wave provided that s is a 2-rarefaction wave front with order 1. Otherwise,
it 1s called a weak wave.

For any weak wave «, denote its position and magnitude by (z,(t),t) and «, respectively.
For a front s of the strong rarefaction wave, denote the location and magnitude of s by (zs(t),t)
and s(t), respectively. Let

Qr, (t) = {w(Ar) | w(Ar) <0, Ay, = (b(kAL), kKAL), t < kALY,

where w(Ag) = 0 — O—1.
We first redefine the approaching waves as follows.

Definition 4.2 (Approaching Waves)

(1) (e, B;) € Ai : Two weak waves oy and B; (i,j € {1,2}) located at points x, and xg
respectively, with xo < g, satisfy the following condition: FEither i > j or i = j and at least
one of them is a shock.

(2) a € A : A weak i-wave « is approaching a strong 2-rarefaction wave front if (xq,tq) €
Q_,i=2 and as is a shock or (xy,ts) € Oy, i =1, ori=2 and as is a shock, where

Q- ={(z,t) : b(t) <z < z(t), t >0}, Qi ={(x,t): x> xs(t), t >0}
Remark 4.1 The approaching waves in A; are in fact the original approaching waves
between weak waves.

Considering the interaction between the weak waves and the strong rarefaction wave fronts,
we introduce some weights for the weak waves. For any weak wave a and any non-physical
wave €, at non-interacting point at time ¢, denote

R(t,a,l) = {s| s is a front of the strong rarefaction wave with xs(t) < x4(t)},

R(t,e,r) = {s | s is a front of the strong rarefaction wave with xz4(t) > z(t)}
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and
W(ai,t) = exp(Kp2{|w| : w € Qg, (1)} + K E{|s(t)] : s € R(t,04,1)}), =1,
Wi(e t) = exp(KnpX{|s(t)] : s € R(t, €,7)}).
Now we introduce some notations as follows:
L;(t) = X{]a;]| : a; is a weak i-physical wave}, 1<i<2,
L,,(t) = £{|¢| : € is a non-physical wave}
and
Qo(t) = X{[aullBs] : (e, ) € Ar},
Qp, () = Z{|a;|W(a;,t) : «a; is a weak i-physical wave, i = 1},
@B, () = X{|as| : ag is a weak 2-wave},
Qnp(t) = Z{|e|lW (e, t) : € is a non-physical wave},
Qc(t) = Z{|w(Ak)| : A = (ba(kAt), kAt) is a corner point and w(Ay) > 0, kAt > t}.
In order to assure that the Glimm functional is sufficiently small, we need to control the
strength of the rarefaction wave before time t. For any ¢ ¢ {kAt : k € Nt} we define
Fi(t) = | TV. {arctanu”"(-,t) : [ba(t), +00)} — 6(t)],
where
0(t) = S{|w(Ar)| : Ax = (ba(kAt), kAt) is a corner point and w(Ay) < 0, kAt < t}.

In the sequel, we can redefine the Glimm functional as

2

Lw(t) = Z Li(t) + an(t),

i=1
Q(t) = KoQo(t) + K1Qp, (t) + @B, (1) + Qup(t) + KcQc(t)
and
Fo(t) = Lu(t) + KQ(t),
F(t) = F1(t) + C. Fo(t),
where C,, K, Ky, K1 and K. are positive constants, determined later.

In order to obtain the global interaction estimates and the bound of the total strength of
the strong rarefaction waves, we give the following lemmas.

Lemma 4.1 There exists a 6. > 0 such that for any state U, € D(U,d,), the function
arctan ®o(Uy; 0, aa) is strictly increasing with respect to ag in {ag | aa > =8, ®(U;;0,a0) €
D(U,d0)}. Moreover, there exist two positive constants C1 and Co such that

C1|az| < |arctan ®o(Up; 0, ) — arctanuy| < Co|as|. (4.1)
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Proof When as > 0, by the properties of the rarefaction waves, we have

iabrctabnu -1 (T22(U))’

(6%) u=®5(Uy; 0, a2) 14+ U2 U=®(U;; 0, a2)

2vp

>0
14+ u? }U:<1>(UL; 0, as2)

for any U, ®(U;;0,a2) € D(U, &).
When —§, < as < 0, we can similarly obtain (4.1). Therefore, the proof of this lemma is
completed.

Lemma 4.2 Suppose that the three constant states Uy, Us, Uz € D(U, ), satisfying Uy =
O(Uy; a1, az), and that Uy and Us are connected by a non-physical wave front with the strength
€. Then

lug = 2y/P3 — u1 + 2y/p1] = O(1)(|ar| + |y | + [€]),
where ay = min{as, 0} and O(1) is bounded.

Proof From the mean value theorem and the expression of rarefaction wave curves, we
have

(u=2yp)(®(U;0,a2)) = (u—2y/p)(U)

for any ag > 0.

Therefore, we complete the proof of this lemma.

Suppose that (a;, 8;) € A1 (1 <14,j < 2). We use € and s to represent a non-physical wave
and a 2-strong rarefaction wave front, respectively. Let

oallfsl,  Casel,
||, Case 2,
|wi |, Case 3,

E,n(r) = (4.2)
|aa| or |s], Case 4,
laa]]s], Case 5,
le|]s, Case 6.

Suppose that two weak wave fronts interact, or a weak wave front hits at the non-corner
point on the piston boundary, or a new wave front issues from the corner point due to the
turning of the piston boundary at the interaction time 7.

In the following, we prove that the Glimm functional is decreasing based on the local inter-
action estimates. Before the interaction time 7, we give the inductive hypotheses.

A;(7—): Before 7, the strength of every wave front is less than J.,.

As(7—): UMy € D(U,4,).

As(t=): Y |w(Ak)| < —arctanu, — O,

k

where u, is the critical speed of the piston.
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Theorem 4.1 Suppose that Aq(7—)-As(7—) hold for any kAt < 7 < (k + 1)At. Then
there exist positive constants 61, Ci, Ko, K1 and K. such that if

F(r—) < 61, (4.3)
then

Qr+) —Q(1—) < —%Eu,h(f) (4.4)
and

F(r+) - F(r—) < _iEu,h(T)- (4.5)

Moreover, it holds that:

(i) Before 11, the strength of the wave front is less than 0.

(ii) There exists a positive constant C > 0, independent of 71 and T such that for any
2-strong rarefaction wave front so(t),

Q

so(t)] < —. (4.6)

(iii) For any fized v € NT, the number of the wave fronts of the approzimate solution UY
is finite and the total strength of the non-physical wave is O(1)27Y, i.e., there exists a positive
constant Cyy, independent of v and 1, such that

> leolt)] < 2 (w7)

€0
for any t < 11, where Ty is next to T when the wave interaction occurs.

Proof Based on the local interaction estimates, the proof can be divided into the following
six cases.

Case 1 Interaction between the weak waves.

Let the two weak waves be «; and f; interacting on the line t = 7 (i,j = 1,2), where
7 & {kAt : k is a positive integer}, let 4; be the generated waves, | = 1,2, and let € be the
outgoing non-physical wave. By a standard procedure (see [3]), we obtain the following uniform
estimates for the interactions between weak waves.

Lemma 4.3 It holds that
Yi = i + O(W)lal|B;], v = B + O(W)lasl|B;]  fori#j (4.8)
and for i = j, it satisfies that

Yi = a; + B + O(1)]evi ] 851, (4.9)
v =0)|e||B], 1#14, e=0(1)|al|B], (4.10)

where O(1) is bounded.
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Based on the estimates (4.8)—(4.10), we have
Li(t+) — Li(t—) = 0(1)|0<i||5j|a i=1,2,

F(r+) = F(r—) = Ko(O(1)] | |8 | Lo (T=) = |evil[B5]) + O(1)] ]| 551

When L, (7—) is sufficiently small, we can choose K large enough such that

1
F(r+) - F(r-) < =513l

Case 2 Reflection on the piston boundary.
Assume that a weak l-wave front «; hits the boundary at the point (ba(7),7), where
7 & {kAt, k is a positive integer}. Denote the outgoing wave by B2. From Lemma 3.1, we have

Li(m+) = Li(m—) = —|aa,
LQ(T+) - LQ(T_) = Kb1|al|7
Q(r+) — Q(r—) = Ko(|B2| — [a1]) Luw(T—) — KiW (a1, 7—)[a1| + | B2].

Therefore, when L,,(7—) is sufficiently small, we can choose K suitably large, i.e., K1 > K7,
such that

1

Q(r+) = Q1) < —5laul. (4.11)
Then, we can choose K and C, large enough such that
1

F(r+) = F(7=) < =7 laal. (4.12)

Case 3 New waves issuing from the boundary corner.

Suppose that the flow moves past the corner point Ay (b(kAt), kAt) for some k > 0. Let
the new outgoing wave be (3, and denote the turning angle wy, between the two approximate
piston boundary x = by, + tan 0 (t — tx) and © = by—1 + tanby_1 (¢t — tx—1). From Lemma 3.2,
we have the following cases:

(1) When wy, > 0, we have

Li(t+) = Li(7—) =0,
La(7+) — La(7—) = [B2],
Q(7+) — Q(7—) < KolB2|Luw(7—) + |B2| — Kel|w|.
Thus, when L,,(7—) is sufficiently small, we can choose K. large enough such that
Qr+) — Qr-) < ~ il (413)
On the other hand, we can obtain that

Fi(r+) — Fy(r—) = O(1)|wp- (4.14)
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Therefore, according to (4.13)—(4.14), we can choose K and C, large enough such that
1
F(r+) - F(r=) < — ;|

(2) When wy, < 0, from Lemma 3.3 and the wave front tracking algorithm, 3 is a front of
2-strong rarefaction wave. We have

Li(T—l—)—Li(T—) =0, 2=1,2,

Q(r+) — Q(r—) = K1 > (W(Bi, 7+)I8i = W(Bi, 7=)|Bil),

i=1

where

W (Bi,7+) = W(Bi, 7—) = exp(O™ (1)) (exp (K. |Ba|) — exp(Kp|wil))
= exp(0™ (1)) (Ko |Ba| — Kplwil),

hence, when L,,(7—) is sufficiently small, we can choose K} large enough such that
1
Qr+) — Q(r-) < —5 . (4.15)
In addition, it holds
F1(7+)—F1(T—):O(1)|wk|. (416)
By combining (4.15) with (4.16), when K and C, are large enough, it yields that
1
F(r+) - F(r—) < —Z|wk|.

Case 4 Interaction between the 2-strong rarefaction wave front and 2-weak shocks from
the left (the right).

Suppose that a front of the strong rarefaction wave denoted by s and a 2-weak shock aso
from the left interact at the time t = 7, where 7 ¢ {kAt : k is a positive integer}. Let 1, 12
and € be the outgoing 1-wave, 2-wave and non-physical wave, respectively. In a similar way to
the argument of Lemma 4.3, we have the following result.

Lemma 4.4 It holds that

m = O(1)]az|ls|,
2 = az+ s+ O0()]azls|, €= 0(1)]az|[s|

Based on this lemma, we have the following cases.
Subcase 4.1 v > 0. It holds that

72l = Is] = |az| + O(1)]az||s|
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and

Li(r+) = Li(7=) = O(1)|az]|s|,
Lo(7+) — La(7—) = —|aal,
Q(1+) = Q=) = Ko(|m| = laz|) Lu(r—)
+ K (Y0 3 W T - WS- |B)

i=1 Bi#vi
+ W, mH)lml) = lazl + W(e, 7+)ld

<0,

where W (B, 7+)|5i| — W (i, 7—)|8i| < 0.
Therefore, we have

1
Qr+) — Qr-) < 3ol (417)
So, when K and C, are suitably large, we have
1
F(r+)—-F(r—) < —Z|o<2|. (4.18)
Subcase 4.2 vy < 0. We have

Y2l = laz| = |s| + O(1)]az||s|

and
Li(r+) = Li(r=) = O(1) sl |s],
La(m+) = La(m—) = —|s| + O(1)|az|ls],
Q(r+) = Q(r=) = Ko(|ln| + bel = las) Ly (r-)
KD D WL THIB] W (BB
i=1 BiFvi
+ W, mH)Iml) + hal = las| + W (e, 7)ld
<0,
where

W(Bi, 7+) = exp(—Ku|s[)W(Bi, 7).
Therefore, we have
1
Qr+) —Q(r-) < —5sl.
When K and C, are suitably large, we have
1
F(r+)—-F(r—) < —Z|s|. (4.19)

The interaction between 2-strong rarefaction wave front and 2-weak waves from the right
can be proved similarly.
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Case 5 Interaction between the 2-strong rarefaction wave front and 1-weak waves or 2-shock
waves from the right.

Suppose that the left and right states of the strong 2-rarefaction wave front denoted by s
are U; and U,,, respectively. The incoming 1-weak wave a; from the right connects the states
U,, and U,.. Let the outgoing wave fronts be ~1, s’ and the non-physical wave be €, respectively,
satisfying

1= (Ulv Urln)v s’ = (Uvim U;)v €= (U;v UT)
In a similar way to the proof of Lemma 4.3, we have following result.
Lemma 4.5 It satisfies that

71 = ai + O(1)|au]|s],
s'=s+01)|a1lls|, e=0(1)|aslls],

where O(1) is bounded, depending only on the system.
Based on this lemma, we have
Luy(74) = Lu(7—) = O(1)]auls,
KoQo(T+) + @, (T+) + Qnp(T+) + KcQc(T+)
— KoQo(7—) — @B, (T—) — Qup(7—) — KcQc(T—)
= O(1)]en[[s]Lu (7).
When L, (7—) is sufficiently small, we choose K,, large enough such that
Z @B, (T+) — Z Qp, (T-)
i=1 i=1
= Jaa|W (a1, 7=)((1 + O(1)[s])e~ Il — 1)

37 S BIW(Bey 7 ) (CWEnlalsl 1)

i=1 iy

<~ 2ol

S - lalisl.
Therefore

1
Qr+) ~ Q) < —glonlls]. (4.20)
Next we need to make estimate for Fy (7). Denote
arctan u(®(U; a1, a2)) = h(U; a1, as).

Hence we have

arctanu, — arctanu,, — arctan u,, + arctanw,
= h(Ui;m1,8") — h(Ui;7,0) = h(U;0, s) + h(U;;0,0)
= h(U;; 01, 8) — h(Up; 1,0) — h(U; 0, 8) + h(U;;0,0) + O(1)|aq |||

= O(M)]a]]s|-
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Similarly, it holds that
arctanu,, — arctanu; — arctanu, + arctan u,, = O(1)|aq]s|,
arctanu, — arctanu,. = O(1)|ay||s|.
So we have
TV. {arctanu”" (-, 7+) : [ba(7+), +00)} — TV. {arctanu”"(-,7—) : [ba(7—), +00)}
= | arctan u, — arctanu..| + |arctanu/. — arctanu,, | + | arctanu,, — arctan u;|
— | arctan u,. — arctan u,,| — | arctan u,, — arctan u;|
= O(1)]a|s.

Therefore

Fl(T+)—F1(T—) :O(1)|a1||s| (421)

Finally, from (4.20)—(4.21), we choose K and C, large enough such that
1
F(r+)—-F(r—) < —Z|o<1||s|.

Case 6 Interaction between the 2-strong rarefaction front and a non-physical wave.

Suppose that a front of the strong rarefaction wave denoted by s and a non-physical wave
€ interact at the time ¢ = 7, where 7 ¢ {kAt : k is a positive integer}. Let sp and €y be the
outgoing rarefaction wave and non-physical wave, respectively. Then, we have the following
lemma.

Lemma 4.6 It holds that

So = S,

€0 = €+ O(1)]el|s].

In this case,

Q(r+) - Q(1-)
= W(eo,7+)leo| — W(e,7—)le]
= W(eo, 7+)leo| — W(eo, 7+) exp(Kpnp|s|) €]
= W(eo, 7+)leol(1 + O()|s| — exp(Knpls]))-

Therefore, if K, is large enough, then we have
1
Qr+) = Q(r=) < —3ells]
Hence, when K and C, are large enough, we have

Flr+) ~ F(r-) < —lelsl
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Combining the estimates of Case 1-Case 6, we can prove (4.4)—(4.5). Therefore, there exist
positive constants §1, Ko, K. and C,, independent of 7,v, such that if F(r—) < §1, then the
strength of every wave front is less than d,.

In order to prove (ii), we introduce a new functional for any 2-strong rarefaction wave front
s as

Fy(t) = [s(t)|el= (TR,
where

Ly(t) = Z{la(t)l ta€ A}

and K5 is a positive constant to be determined later.
Similar to the proof of (4.5), there exists a positive constant K> independent of 7 and v
such that

Fy(1+) < Fy(m—). (4.22)

Hence we have
Fg(t) S Fg(koAt) S 0(1)|S(k0At)|,

where (b(koAt), koAt) is the point from which the rarefaction wave front s issues. On the other
hand, by the construction of the approximate solution, we have

s(koht)| < O(1)1

which along with (4.22) yields (ii).

Finally, we need to show (iii). From (4.4), we know that Q(t) is decreasing and bounded.
1

57, we adopt the accurate Riemann solver.

By the wave front tracking algorithm, when |«||3] >
From (4.4), we have

Q) — Q=) < 3 Fun(r).

Therefore, the number of the interaction is finite. Hence, the number of the new physical waves
is finite. On the other hand, when we adopt the simplified Riemann solver, the number of the
wave fronts keeps the same after the interaction.

Hence, for any kAt <t < (k + 1)At, the number of the wave fronts is finite. On the other
hand, we know that the non-physical wave is introduced by the simplified Riemann solver.
Then, the number of the non-physical waves is also finite. By a standard procedure (see [3]),
we can also prove that the total strength of the non-physical waves at any ¢ < 7 is small,
satisfying (4.7).

In conclusion, we complete the proof of this theorem.

In the following, we will show that the inductive hypotheses As(7—) is reasonable, and the
total strength of the 2-strong rarefaction fronts is finite.

Lemma 4.7 For any 7 <t < 71, the following holds:
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(i) There exist positive constants 1y and 02 independent of v, h such that
|UV7h($a t) - U|r>ng < 52- (423)

(ii) UM (,1)|s<r, € D(U, b4
(iii) For any 2-strong rarefaction wave front so(t), it satisfies that

> " Iso(t)] < O(1)(| arctan u.] + 280 + Lu(t)), (4.24)

S0
where T and T are given in Theorem 4.1.

Proof Based on Theorem 4.1, there exists a positive constant 79 such that when x > nyp,

there exists a positive constant €, such that
TV. {U"" (1) : [0, +00)} < O(1)ex.

Due to the hypothesis As(7—), there exist positive constants 0 < §u. < %* and §, such that

when x > 79, we have
Uz, t) = U| < TV. {U""(2,t) : [n9, +00)} + [U""(+00,t) — |
< O(1)€s + Oux
< ds.
From Lemma 4.2, we have
(@ = 2yPU") ~ (@ = 2/HO)] < 3 I = 2R = (u—2/p)U)

= O0M)(laa| + [az [ + |e])
=O0()F (),
where U/ ' and Ul-"_J; are the constant states connected by the physical waves «;, ¢ = 1,2, or
non-physical wave e.
Next, we need to make estimate for arctanu. Due to (i), there exists a positive constant C
such that

| arctan u”"(x,t) — arctan| < C6,. (4.25)

Suppose that g < 1 < -+ < xy_1 < xn are the discontinuities of the approximate
solution U""(z,t). From Lemma 4.1, we have
arctanu”"(z,t)
= arctan u”"(x,t) — arctan u”"(2ng, t) + arctan u”"(2n9, t) — arctan,
= Z (arctan u”" (zy, t) — arctan u”" (z),_1,t)) + arctan u”"(2ng, t) — arctan@
1<k<N

< O(1)F(t) + Cds.
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On the other hand, it holds

arctanu”" (z,t)

= arctanu”"(x,t) — arctanu”"(2n9, t) + arctan u”" (210, t) — arctan@

Y

—TV.arctanu”"(-,t) — Cd,

> —Fy(t) — 0 — Cb,

Finally, from Lemma 4.1 and (i), we have

1
E [so(t)] < F' arctan u”" (®(U" (2,1);0, s0)) — arctanu”" (z, )|
1
s0

1 1
F' arctanu”"(ba(t),t) — arctan| + F' arctanu”"(z,t) — arctan|
1 1
Cy
Ch

< O(1)(Jarctan uy| + do + Ly (t)).

IN

+ ==L (t)

Therefore, we complete the proof of this lemma.
Finally, combining Lemmas 4.3—4.7 altogether, we can obtain the following theorem.

Theorem 4.2 There exist positive constants € and My independent of v, h such that, if
1Uo — Tlloe + 6, (0) = B, (O)] + TV.{Tu(") : [0,00)} + TV.{(¥y 0, )()} <&, (4.26)
then
TVAU"(-,t) : [b(t), +00)} < M. (4.27)

Proof By Theorem 4.1 and induction hypothesis, if F(0+) is sufficiently small, then for
any 0 < 7 < t, we deduce that

1
F(t+) < F(0+) = 5 > Eun(r).
>0
Since
F(0+) = O(1) ([T = Tllos + TV. {To(") : [0,00)} + 3 [wif )
k>0

and

D lwi I = O)(TV. {(B] = bly) ()} + [} (0) = Bl (0)]),

k>0
we combine the above estimates to get the desired result. The proof is complete.

By Theorem 4.2, the proof of the convergence of the approximate solution U"(z,t) is a
standard procedure, also see [2-3]. Therefore, we complete the proof of Theorem 1.1.
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