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Abstract Let X be a complex Banach space with norm || - ||, B be the unit ball in X. In
this paper, we introduce a class of holomorphic mappings M, on B. Let f(x) be a normalized
locally biholomorphic mappings on B such that (Df(x))~!f(z) € M, and z = 0 is the zero
of order k+ 1 of f(x) — x. We investigate the growth theorem for f(x). As applications, the
distortion theorems for the Jacobian matrix Jy(z) are obtained, where f(z) belongs to the
subclasses of starlike mappings defined on the unit polydisc D™ in C™. These results unify
and generalize many known results.
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1. Introduction

In the case of one complex variable, the following growth, distortion theorem is well-known

[1].
Theorem A. Let f be a normalized univalent holomorphic function on the unit disc D in C.
Then
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However, in the case of several complex variables, Cartan [2| pointed out that the above
theorem does not hold.

Barnard et al.[3] and Chuaqui [4] extended the growth theorem (1) to normalized starlike
mappings on the Euclidean unit ball in C™. After that, many mathematicians investigate the
growth theorems for subclasses of starlike mappings ([5], [6], [7], [8]).

As for the distortion theorems for subclasses of normalized biholomorphic mappings, Pfaltz-
graff and Suffridge [9] obtained a distortion result for a subclass of starlike mappings on the
Euclidean unit ball in C". Xu and Liu ([10], [11]) obtained a sharp distortion theorem for a
subclass of biholomorphic mappings. Recently, Liu et al.([12], [13], [14]) obtained a distortion
theorem for quasi-convex mappings, starlike mappings and a subclass of quasi-convex mappings
on the unit polydisc D™ in C", respectively.

In this paper, we shall obtain growth theorem for a class of biholomorphic mappings. From
it, the distortion theorems for subclasses of starlike mappings are obtained. These results
generalize the related works of several authors.

Let X be a complex Banach space with norm || - ||, X* be the dual space of X, B be the
unit ball in X, D be the open unit disc in C, D" represent the open unit polydisk in C™. Let
(0D)™(0,r) be the distinguished boundary of the polydisc of radius r with the center 0. For
each x € X \ {0}, we define T(z) = {l, € X* : ||l,|| < 1,l.(z) = ||z||}. According to the
Hahn-Banach theorem, T'(z) is nonempty. Let H(B) be the set of all holomorphic mappings
from B into X. Notice that for fixed x € X, Va(# 0) € C, when [, is chosen and fixed, then
1, = L]l < 1, and 21, (az) = 2at,(2) = |af|z]| = |laz|, so we can set lo; = 21, A
holomorphic mapping f : B — X is said to be biholomorphic if the inverse f~! exists and is
holomorphic on the open set f(B). A mapping f € H(B) is said to be locally biholomorphic
if the Fréchet derivative D f(x)(When X = C", D f(x) is denoted by J¢(z), where J¢(z) is the
Jacobian matrix of f at point z) has a bounded inverse for each x € B. We say that f is
normalized if f(0) = 0 and Df(0) = I, where I represents the identity operator from X into
X. Let S(B) be the set of all normalized biholomorphic mappings. We say that f is starlike if
f is biholomorphic on B and f(B) is starlike with respect to the origin. Let S*(B) be the set
of normalized starlike mappings on B.

Definition 1. Let ¢ € H(D) be a biholomorphic function such that g(0) = 1, g(€) = g(¢), fo
£e D, Reg(§) >0o0n & € D, and assume g satisfies the following conditions for r € (0,1):

min |g(&§)| = min Reg(§) = g(—r)

e 9(6)] = marcRegl©) = g(0) )
[§l=r |€|=r

We define M, to be the class of mappings given by

My = {p € H(B):p(0)=0,Dp(0) =1, ———— € g(D),z € B\{0},1, € T(:U)}



In a slightly different manner, Definition 1 was considered by Kohr [15] on B™ and by
Graham et al.[16] on the unit ball with respect to an arbitrary norm on C". The set M, has
been important in the study of certain problems related to Lowner chains on the unit ball in
C™ (see [17]).

Let S;(B) denote the subset of S*(B) consisting of those normalized locally biholomorphic
mappings f such that [Df(z)]"1f(z) € M,.

Definition 2. Let 0 < o < 1. A normalized locally biholomorphic mapping f € H(B) is said to

be starlike of order « if

[Df ()] f(zx) € My,

where g(¢) = %, (e D.
We denote by S*(B) the set of all starlike mappings of order o on B.
The following definition due to Roper and Suffridge [18].

Definition 3. Suppose f : B — X is a normalized locally biholomorphic mapping, denote

2c _a+tp
[(Df(aw)~t(f(au) — f(Bu)] a—=5

Gyla, B) = I

If
ReG¢(a, B) >0, Vu e 0B, o, B €D,

then f is said to be a quasi-convex mapping of type A on B.
Let Q4(B) denote the class of quasi-convex mappings of type A on B.
Definition 4. (see [19].) A normalized locally biholomorphic mapping f : B — X is said to

be quasi-convex if
Rel[(Df(z)) ' (f(z) — f(&x))] >0, VzeB, €D, l,eT(z).

Let Q(B) denote the class of quasi-convex mappings on B.
Remark 1. In [19], it is proved that Q(B) = Q4(B). Roper and Suffridge [18] also proved that
Qa(B) C S7(B), and therefore f satisfies the following relation

2
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From (3), we obtain
[Df ()]~ f(a) € My,
where g(¢) = flg, ¢ € D. Hence, we have
QUB) = Qu(B) € S;(B) with ¢(¢) = 1, Ce D.

In 2006, Liu and Xu [20] defined quasi-convex mappings of order «, which is a proper subset

of the quasi-convex mappings.



Definition 5. Suppose « € [0,1). A normalized locally biholomorphic mapping f : B — X is

said to be a quasi-convex mapping of order « if
Relo[(Df(x)) "' (f(x) = f(€2))] = a(l = Re§)||z||, VeeB, &€D, I, €T(x)

Let Q4 (B) denote the class of quasi-convex mappings on B.
The following proposition is a well-known result in one complex variable.
Proposition 1. If g: D — D is a holomorphic function, z = 1 is not a singular point of g and
g(0) =0, g(1) = 1. Then ¢'(1) > 1.
Remark 2. Let z € B\ {0}, and denote that

he(€) = LI(Df(2) 7 (f(2) = f(€x)] —a(l = &)|zl, £eD.

By Definition 5, we know that as a function of £, Reh,(£) > 0 and harmonic in D, so by the

minimal value principle we have Reh,(0) > 0. From this we obtain

Let

for ¢ € D, then g : D — D is a holomorphic function of ¢ with g(0) = 0, and ¢ = 1 is not a
singularity of g(&), ¢g(1) = 1. According to Proposition 1, we have

) ()@ + (1 a)llefha(0) 201 — o)z Reha(0)
t<oW=7370" 70 T ROP

That is ,
| ha(0) = (1 = a)[[z]| |[< (1 = a)|[z].

More explicitly, it is
| L(Df(2)) " @) = ]l 1< (1 = o)l

That is the same as
LI(Df(@) ' fl@)] 1
(-ael  1-a

<1 (4)
From (4), it follows that
[Df ()] 7! f(z) € My,

where g(¢) = ﬁ, ¢ € D. Hence, we obtain that

Qu(B) C 55(B) with (C) = =y € D.

Let f € H(B) and let k be a positive integer. We say that z = 0 is a zero of order k of f(z)
if £(0)=0,---,D*1f(0) =0 and D*¥f(0) # 0.



Also, we denote by Si(B)(respectively S; . 1(B), S5 141(B), Qus1(B), Qa, k+1(B) ),

the subset of S*(B)(respectively S;(B), Sy (B), Q(B), Qu(B) ) of mappings f such that x = 0

is a zero of order k + 1 of f(z) — x.
2. Growth theorem

Lemma 1. (See [21].) Suppose z(t) : [0,1] — X is differentiable at the point s which belongs to
[0,1], and ||x(t)|| is differentiable at the point s with respect to t. Then

e [0 ()] o=

Lemma 2. (See [22].) Suppose f is a starlike mapping on B, x € B\{0}, z(t) = f~1(tf(z))(0 <
t <1). Then

(a) ||z(t)|| is strictly increasing on [0, 1] with respect to t;

(6) 1 (@)= lim 1200 S50 — LD (2(2))] 7 f(2(8)) € (0,1).

Lemma 3. (See [23].) If f € H(D), g is a biholomorphic function on D, f(0) = ¢(0), f’(0) =
o= fE=D0) =0, and f < g. Then

frD) C g(rkD), re(0,1), rD={£eC:|{ <r}.

Using Lemma 3, we can prove the following.
Lemma 4. Let g : D — C satisfy the conditions of Definition 1. If h € My and x = 0 is the
zero of order k+ 1 of h(x) — x, then

el
g(llz(|*)

< Rely ((h(x)) < [lz(h(z))] (5)

for all x € B.

Proof. Fix x € B\{0}, and denote xy = 1%;. Let p: D — C be given by

|z

¢
, £#0,
_ ) Loy
p(§) { I f—o.

Then p € H(D), p(0) = ¢g(0) = 1, and since h € M, we deduce that

e eml
P = L lh(Ewo)) ~ oo (h(Eno))  lem ((Emo)) < 9P €€

Let ¢(€) = g This implies that ¢(€) € (D) for all £ € D. Since 9(0) = ;(0) = 1, we have
P < é
According to hypothesis of Lemma 4, we deduce that

e}

L(D™h(0)(2¢"))
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It is easy to see that the function (&) satisfies the conditions of Lemma 3, hence we obtain

W(rD) C ;(rkD), re(0.1), rD={¢cC: ¢ <r}.

On the other hand, combining the maximum and minimum principles for harmonic functions
with (2), we deduce that

1 1
< Rep(§) < W < ———7, §€D.
g(I€*) 9(=1€%)
Setting £ = ||z|| in the above relation, we obtain (5), as desired. This completes the proof.

O

In [6], Hamada and Honda have recently obtained a sharp growth result for mappings in
the family S k +1(B), and g satisfies a slightly different assumption than that in Definition
1. Stlmulated by [6], we are now able to obtain the following growth result for the set f €
S5 k41(B). This result generalizes [16, Theorem 2.2], [15, Theorem 2.3] and [10, Theorem 2].
Theorem 1. Let g : D — C satisfy the conditions of Definition 1. If f € S* pa1(B), then

lll

e [ o4 1] 2 < st < sy |

Proof. Since f € 5] +1(B), we deduce from Lemma 4 that

]

gzl =
for all x € B. Fix x € B\ {0}, let x(t) = f~1(tf(x))(0 <t < 1). According to (a) of Lemma 2,
we obtain that ||z(t)| is strictly increasing on [0,1]. Hence, ||x(¢)]| is differentiable on [0,1] a.e.
. From Lemmas 1, 2(b) and (7), we deduce that for ¢ € (0, 1]

le@l =@l =)
sz =" dt = g

elo(Df ()7 f(z) <

(8)
and we may rewrite (8) as

g=l=@I) dlz@ll 1 _ g(l=®)]") dilz@]

[z e =t = 2@l dt

Integrating both sides of the above inequalities with respect to ¢ and making a change of

variable, we obtain

I g(—y)Ydy M g(=lle()]F)} dllx(t)] '
e e - S A

and

llz|l g(y®)dy _ Lg(lz@)||F d||lz(t)|| 11
[l A o i



where 0 < € < 1. It is elementary to verify that

[EGI /“x k dy
log > 9(=y") = 1| —= +log |z|], )
€ ()]l [ } Y
and
B
log (B < / [g(yk) — 1] dy + log ||| (10)
€ (o) y

If we now let e — 0+ in the above inequalities (9), (10) and use Lemma 2(b), we have

fetesp [ ot 1] 2 < @0 < et e |

as claimed. This completes the proof of Theorem 1. O

llzl

3. Distortion theorem

In this section, we will give distortion theorems for subclasses of starlike mappings along a

unit direction in Sj ;. (D").
Theorem 2. Let g : D — C satisfy the conditions of Definition 1. If f € 57 pa1(D"), then for
any z € D™\ {0}, there exists a unit vector £(z) <§(z) H«JEZ;;E;) such that

f z

ll] llll
oo [ [ot= 1] L < 1@ < allelexn [ [at0H) - 1] L.

Y Y

Proof. For z € D"\ {0} and any & € (0D)"(0, ||z||), we have

&1l = [&] = -+ =&l = [I2]-
Note that
le= (0,0, 080 o .. o).
&i
Set w(z) = Jf_l(z)f(z) Then there exists an ¢ such that
w(2)|| = |wi(z)| < i
ol = i) < max - (us©)
B [

¢e(@D)™(0,)Iz11) | &

= max |lc[w(£)]|

£€(9D)™(0,|z[])

= el T (€) ()]

ge (5D) (0 lI=1)
According to Lemma 4, we have

I il
g(=lIE®)  g(=lI=l*)’

le(T (&) f(©)] <



and thus

L i < el
197 N = )l < o (1)

On the other hand, ||I,|| <1 and Lemma 4 show that

L L Bl
VSN 2 L7 @SN . (12)
By combining (11) and (12), we have
I
AT E "
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Set £(2) (5(2) = m> , where z € D™\ {0}. In view of Theorem 1, we have

1Bl

e [ o) -] D<o [ o0 L cenn s

Consequently, from (13) and (14) we obtain

—|12][F) ex = —yF) — @ ZZ_M
o(Aelyemp [ [o() ~1] S <lrereal = S

<a(lelyexp | M owh 1] 2

as claimed. This completes the proof of Theorem 2. O

Now, we obtain the following corollaries from Theorem 2.

For g(¢) = %g, ¢ € D, we have the following distortion theorem along a unit direction of
the polydisc D" for the set Sj__;(D"). When k = 1, Corollary 1 was obtained by Liu et al. [13].

-1
Corollary 1. If f € S;_(D"), then for any z € D"\{0}, there exists a unit vector §(z) (5(2) = m),
f z z

such that

1— 2| 1+ |z|*
L e < AHER
(T4 11 TRRDE

According to Remark 1, for ¢g({) = fl(’ ¢ € D, we have the following distortion theorem
along a unit direction of the polydisc D" for the set Qr+1(D™). When k = 1, Corollary 2 was
obtained by Liu et al. [12].

—1
Corollary 2. If f € Qi+1(D"), then for any z € D™\{0}, there exists a unit vector &(z) (ﬁ(z) = m>,
f z z

such that

1 1
Sl T [ —
(14 afiyitt =7 (1— [l2]/f)i+1



According to Remark 2, for g(¢) = m, ¢ € D, we have the following distortion
theorem along a unit direction of the polydisc D™ for the set Qq, x4+1(D") due to Wang et al.
[14].

Corollary 3. If f € Qq, k41(D"), then for any z € D™ \ {0}, there exists a unit vector

T (2)f(2)
_ Iy BfE)
&(2) <§(Z) = ||Jf1(z)f(z)||>’ such that

1 1
T < | Jr(2)E(2)] < -
1+ (1 —a)|z]F)&+! Iyz)2 (1— (1 —a)|z]F)s+!

For g(¢) = %_20‘)4, ¢ € D, we have the following distortion theorem along a unit direction
of the polydisc D" for the set S, ;. ;(D"). When k = 1, Corollary 4 was obtained by Lu et al.
[24].

Corollary 4. If f € S}, w1 (D"), then for any z € D™\ {0}, there exists a unit vector

T 1(2)f(2)
_ Jy @)
&(2) <§(z) = ||Jf1(z)f(z)||>’ such that

1—(1—2a)]2]®

2(1—a)
L+ =)~

L+ (1—2a)|z|*

(1 — |2}t

< |75 (2)¢(2)Il <
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